N
N

N

HAL

open science

Chain decay and rates disorder in the totally asymmetric
simple exclusion process

Yahaya Ibrahim, Jérome Dorignac, Fred Geniet, Carole Chevalier, Jean-Charles

Walter, Nils-Ole Walliser, Andrea Parmeggiani, John Palmeri

» To cite this version:

Yahaya Ibrahim, Jérome Dorignac, Fred Geniet, Carole Chevalier, Jean-Charles Walter, et al.. Chain decay and
rates disorder in the totally asymmetric simple exclusion process. 2023. <hal-04878246)

HAL Id: hal-04878246
https://hal.umontpellier.fr/hal-04878246v1

Preprint submitted on 29 Oct 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://hal.umontpellier.fr/hal-04878246v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:2310.00329v1 [cond-mat.stat-mech] 30 Sep 2023

Y. Ibrahim!-2, J. Dorignac!, F. Geniet!, C. Chevalier!, J. C. Walter!', N-O. Walliser!, A. Parmeggiani'

! Laboratoire Charles Coulomb, UMR5221 CNRS-UM, Universite de Montpellier,
Place Eugene Bataillon, 34095 Montpellier Cedex 5, France
2 Department of Physics, Umaru Musa Yar’adua University, P.M.B. 2218 Katsina, Nigeria
(Dated: October 3, 2023)

We theoretically study the Totally Asymmetric Exclusion Process (TASEP) with quenched jump-
ing rates disorder and finite lifetime chain. TASEP is widely used to model the translation of
messenger RNAs by Ribosomes in protein synthesis. Since the exact solution of the TASEP model
is analytically and computationally intractable for biologically relevant systems parameters, the
canonical Mean-Field (MF) approaches of solving coupled non-linear differential equations is also
computational expensive for the scale of relevant biological data analysis. In this article, we pro-
vide alternative approach to computing the MF steady state solution via a computationally efficient
system of non-linear algebraic equations. We further outline a framework for including correlations
progressively via the exact solution of small size TASEP system. Leading order approximation in
the biologically relevant entry rate limited regime shows remarkable agreement with the full Monte-
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Carlo simulation result for a wide range of system parameter space. These results could be of
importance to the kinetic rates inference in Ribo-Seq data analysis and other related problems.

I. INTRODUCTION

The totally asymmetric exclusion process (TASEP) is
a paradigmatic model of non-equilibrium statistical me-
chanics [3, 5l @]. It is a simple model that captures the
essential features of many non-equilibrium systems, such
as traffic flow [T, [IT], diffusion in biological membranes,
and protein synthesis. The TASEP is a one-dimensional
lattice model with particles that can hop to their near-
est neighbor site in the forward direction, but not in the
backward direction. The particles are hard-core, mean-
ing that no two particles can occupy the same site at the
same time (excluded volume interaction). The TASEP
is driven by a difference in the particle density between
the two ends of the lattice [4]. TASEP has been studied
extensively using both analytical and numerical methods
[2, Bl B]. It has been shown that the TASEP exhibits
a variety of non-equilibrium phenomena, such as phase
transitions and jamming. The TASEP can be used to
model protein synthesis by considering the ribosomes as
particles on a lattice, where the lattice sites represent
codons on the messenger RNA (mRNA) [7]. The ribo-
somes can hop to the next codon on the mRNA in the
forward direction, but not backwards. The TASEP has
been used to model a variety of aspects of protein syn-
thesis, such as the ribosome flow rate (current), the dis-
tribution of ribosomes on the mRNA, and the effect of
collisions/jamming on protein synthesis [6].

Here, we study the TASEP with quenched jump rates
disorder and finite degradation rate of the chain. We
give an alternative framework of approximating the sys-
tem correlations and outlined computationally iterative
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A. DMaster equation

The probability,
figuration C = (oq,---

P(C,t), of finding the lattice in a con-
,oN) at time ¢, evolve according

solution method thereby circumventing the coupled non-
linear differential equations.

The article is organized as follows. In the next section,
we outline the TASEP model and introduce notations.
The main results are presented in section III while we
discuss the results implication and conclude in section
Iv.

II. THE TASEP MODEL

We consider a one-dimensional lattice with a total of N
lattice sites. We further denote the presence of a particle
at a lattice site j with o; = 1 and its absence with o; = 0.
A particle, with /¢ lattice sites long footprint, jumps from
site one site to another on the lattice with the following
dynamical rules:

(a.) A particle enter the lattice at a rate a with its
trailing edge on the first site (j = 1), provided the
first ¢ sites are empty (o7 = -+ = 0, = 0).

(b.) Particle advance from site j to site j+ 1 with a rate
wj, provided the j+1 through j 4 ¢ sites are empty

(0j41 =" =050 =0).
(c.) From the lattice site j = N — £+ 1, particle exit the

lattice incrementally and unhindered with a rate
wij.

(d.) When the trailing edge of the particle is at site IV,
the particle exits with a rate 3.

to the master equation [5l [9]

Z Wee e P

—P (C.t) Y= WeeP(©C) . (1)
~



| Dimensionless ratio | Description

Q/wmin € [0, 00)

a/Wmin € (0,00)

Score quantifying the chain degradation rate relative to the weakest jump rate in the bulk
This quantifies the onset of phase transition out of the Low Density phass

A =1 — Wmin/Wmasz € [0,1)| The jump rates disorder distribution width quantifies the chances of occurrence of a slow bond
right after a fast bond and thereby inducing a traffic jam

TABLE I. Relevant dimensionless ratios for the five kinetic rates: o, Wmin, Wmaz, B and the chain degradation rate 2. Note
that unless otherwise stated, we assume the exit rate 8 to be non-limiting (i.e. 8> a, Wmin, Wmaz, ).
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FIG. 1. Density profiles (left) 2 = 0 and (right) 2 = 0.01. The other parameters remain constant: o = 8 = Wmaz = Wmin = 1.

where We ¢/ is the transition rate from state C’ to state
C and P (C,t) is the probability of finding the system in
configuration C = (01,--- ,on) at time t. o; = 1 if site j
is occupied by the trailing edge of the particle and o; =0
if empty.

Throughout this article, we assume that the chain has
a constant degradation rate €2 and an exponential age dis-
tribution, Qexp (—£¢), such that the age averaged prob-
abilities are [12] [13]

P(C,Q) = /Oooﬁ(c,t) Qexp (—Qt)dt . (2)

Therefore, the chain’s age averaged master equation now
reads

QP (C,Q) — QP(C,t =0) =
Z Weeer P (CI, Q) - Z Weree P (C: Q) ’ (3)
c ¢

where we set the initial condition P(C,t = 0) to an empty
chain, i.e. P(C,t =0)=P (o1 =---=0on =0).

Solving for the P (C,Q) will allow us to obtain mo-
ments of the particle site occupation, o;, such as the
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A. Correlations modeling

To calculate the particle densities (o) = p; from
eqn. , we require what we call the collision marginals

marginal probability (o;) = . 0;P (C,Q).

The configuration space, C, grows exponentially with
the system size, N. Therefore, solving for P (C) becomes
computationally expensive for physically relevant system
sizes [1]

The marginals (o;) and (0;0;4¢) satisfy the following
system of algebraic equations [T}, [10]

flux into site j

0= wj—1<<0j—1> - <0j—10’j—1+€>)

—w; (o) = ojoiae) )~ Qo) (4)

flux out of site j

for 1 < j < N, with fixed boundary conditions o¢g = 1
and ony+1 = Ony2 = -+ = on4¢ = 0 for the left and
right boundaries respectively. Henceforth, we use inter-
changeably the notations wy = « for the entry (initia-
tion) rate and wy = 8 for the exit (termination) rate.

III. RESULTS

(0j—10j40—1) and (0;0j4¢) to close the system of equa-
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FIG. 2. (Chain decay, Q/wmin > 0) Densities, p;, and scatter plots for sample sequence drawn from w; € [3,80], a = 0.1,
B = 30, with £ =9, and N = 100 total lattice sites. (top left) p; plot for Q = 0. The red dashed line is Eqn. fit of the
Monte Carlo simulation. (top right) Scatter plot of data points in the top left figure. (bottom left) p; plot for Q = 0.5. The
dashed red line is the Eqn. fit. (bottom right) Scatter plot of data points in the bottom left figure.

tions. The canonical approach is to build a hierarchy of
equations of marginals involving larger number of sites
(i.e. the BBGKY hierarchy) and truncating the system
at a desired level of accuracy. With this approach, in-
creasing accuracy of the approximation comes with linear
increase in the number of equations to be solved. Sec-
ondly, the effectiveness of the approach depends on the
quality of the approximation of the truncating correlation
function.

Here, we take an entirely different approach, we model
the two-site correlation marginal (o;0;4,) with the exact
solution of few sites TASEP system. For N = 2 and
N = 3 sites, the analytic calculation is tractable (see the
Appendix). For larger system sizes, fast linear solvers
could be used to solve for the correlation.

1. £ =1 particles

Hence, the marginal probability that a site j + 1 is
empty is (1 — p;j41) while the marginal probability that

site j is occupied is simply p;. However, the probability
of two particles colliding (i.e. site j + 1 is occupied given
that site j is also occupied) is approximated by simple
mutual independence of the sites [7]

(050541) = Pj P41 - (5)

This is the canonical Mean-Field (MF) approximation.
It’s important to note that we expect weak contributions
from these terms in the entry limited regime of the dy-
namics.

This MF approximation greatly simplifies the prob-
lem from an exponentially large system of ~ 2V linear
equations (eqns. to a relatively small system of N
non-linear coupled algebraic equations:

Qpj =wj-1pj—1 (1= p;) —wip; 1 —pjt1) ,  (6)

for 1 < 7 < N, and at the boundary, py = 1, while
PN = 0.



2. £ =2 (extended) particles

In similar manner, for extended particles that have
cover more a single site, the marginal probability that a
site j +/ is empty is (1 - Zi:l pj+s) while the marginal
probability that site j is occupied is simply p;. McDon-
alds’s et. al. [7] provided an accurate approximation of
the collision marginal

Pj P+t (7)

<Uj0'j+1> — Z .
(1 =21 Pj+s) + Pjve

There are £ modes of occupying each lattice site, 7, and
the empty mode [7]. Essentially, the joint probability,
(0joj41), is replaced by a product of the marginal prob-
ability of particle occupying site j and the conditional
probability that site j 4+ 1 is also occupied while site j
is either empty or occupied by the leading edge of the
particle.

Substituting the correlation (o;o;41) in eqn. (), it
follows that

Qpj =wj_1pj—1 (1 — Rj_14¢) —wjp; (1 — Rjye) , (8)
for1<j<N—/and

Pj+e

=21 Pj+s> + Pj+e

Ry = (1

while at the boundaries pg = 1 and Ry_¢41 = -+ =
Rnye=0.

3. Iterative method of solution

Instead of solving the N system of coupled differential
equations, the age-averaged densities could be directly
computed from N coupled algebraic equations:

g = Wim1pim1 (L= Rjoave + p)) ()
J Q + Wi —1P5-1 + w; (1 - Rj+g)

where starting with an appropriate initial guess, say
p; = min(a, {w;}, 8)/(1 + ¢), the system will converge
to the solution after few iterations. This provide a com-
putationally efficient way to compute the densities and
other statistics of interest.

B. Entry limited (low density) expansion

Of special interest is the entry limited regime (or Low
Density phase) in the parameter space due to its rele-
vance to the biological process of ribosome translation of
mRNA [|. From eqn. (), and expanding the densities in

J

2. Approximation error distribution

The first order approximation reproduce the exact den-
sities for wide range of the parameter space in the low

4

the small parameter € = o/(2 + w1 ), we obtain the first
order contribution in the small parameter, ¢,

J
! Wn, 9
= 1
Pi U)j m—1 <Q+U1n> * O(E) ’ (0)

1.0

—— MF numeric
—-=- Analytic approx.
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FIG. 3. Phase separation for a/wmin > 1/2 while 8/wmin >
1,Q2=0and A = 0.9.

for 1 < j < N—1 (see the Appendix for details). Interest-
ingly, this first order contribution captures the essential
physics in this entry limited regime, showing excellent
quantitative agreement with the full Monte Carlo simu-
lations (see Figs. [2| and [4) for a broad range of values.
Expansion to the second order in € could be found in the
Appendix. For brevity, we keep here only the first order
contribution.

1.  Reduced throughput

To quantify the effects of both the chain decay and
jumping rates disorder, we define a (dimensionless)
throughput ratio (TR) quantity as, TR = Jout/Jin,
where Ji, and J,y; are the entry and exit fluxes of parti-
cles respectively. In the low density limit, (a/wmin < 1),

TR:ﬁ (Qf;un) . (1)

Notably, for stable chains with infinite lifetime (Q =
0), TR = 1. While for chains with finite lifetime
(@ > 0), the TASEP has reduced throughput, 0 <
TR < 1. For uniform hopping rates, w, = w, TR =
exp (—Nlog (1 + Q/w)). This implies that the particle
current J decays exponentially with the chain length V.
For long chains, throughput is also exponentially sensi-
tive to the ratio €/wn, and less obviously to the dis-
order score A =1 — Wyin/Wmas (see Table 77).

density phase. We define the relative error

MC
P —

pqppro:r
Approximation-Error = {MCJ} . (12)
Pj
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FIG. 5. Distribution of the particle density approximation
€error.

We plot a sample distribution of the relative errors in
percentages (see Fig.

IV. DISCUSSION AND CONCLUSIONS

We have studied the totally asymmetric exclusion pro-
cess with quenched jump rates disorder and finite life-
time of the chain. We outlined an alternative approach
to efficiently compute chain-age averaged densities from
algebraic equations rather than solving relatively compu-
tationally expensive differential equations. In addition,
we provide a straightforward framework to progressively
include correlations by solving computationally inexpen-
sive few sites TASEP systems. Meanwhile, in the biolog-
ically relevant Low Density phase, we found that the first

leading order asymptotic expansion in the entry rate is
accurate for wide range of the system parameters. Plots
are shown in Figs and demonstrating the agreement
with Monte-Carlo simulation results.

The success of the entry limited approximation is com-
plimented by the fact that the finite degradation rate of
the chain favors low density profile downstream (see Fig.
. Therefore, profiles like that of Fig. (3) won’t appear
for finite degradation rate 2 # 0 and sufficiently long
chain.

Even though TASEP is analytically complex problem
with rich physics, simple analytic expressions accurate
for wide range of parameter space could be found. This
is in addition alternative path to including longer range
correlations by exploiting the exact solution of few site
TASEP. This approach could find applications in highly
correlated systems.

V. APPENDIX

A. Entry limited dynamics: Perturbative
expansion in ¢

We re-write eqn. from the main text to a dimen-
sionless form

p; = Aj—1pj—1 (L= pj) + pjpj+1 — Xgpipj+1 . (13)
where we define dimensionless parameters
W
Ai=—7 and = 14
J Q+ Wj41 Xj Q-+ wy ( )

Note that x,’s are bounded (0 < x; < 1,V+) since w; >
0 Vi.

There are two interesting limiting cases: the sta-
ble infinite lifetime of the chain, @ — 0, A; —



wj/wji1 and x; — 0, and the short-lived chain limit  densities are p; ~ epgl) and
Q — o00; A\; = 0 and x; — 1, where the densities vanish

p; — 0, V7. j—1 w,
. o . . . . pj =~ H () , (17)

In this entry limited regime, A\ is the small dimension- Q4+ wpt1

less parameter of interest (since Ao < A; for any Q > 0). =0
Hence, we let € = A\g = a/(£2 + w1) and then expand the  for 1 < j < N, where we recall that € = o/(€ + w;) and
densities in powers of the small parameter e: wy = a. Therefore the corresponding particles entry

flux is Ji, = a(Q+w1 —a) /(Q+w).
Second order contribution (¢2): The second order con-
pj = ep§ )+ ep ( Y4 (15) tributions accounts for the exclusion effects (and the
extended size effects (see the Supporting Information))
where now the densities are
First order contribution (¢'): The first order contribu-

. . 1 _ 9 L
tion to the densities are p; 1 and p§ ) <p]+1 Z Ym pm+1 ( )) 7 (18)

(1) i1 y for 1 <j < N —1, while for j = N,
_ . Wn for 2<j<N. (1
Pj H (Q+wn+1) Y ’ (o)

n=1 2 1 1 1
N = o (“ mepﬁnllp&)). (19)

Therefore, to linear order in the small parameter ¢, the
J

B. Few sites exact TASEP solutions

We present the exact analytic solution of N = 2 and N = 3 TASEP systems (¢ = 1). For brevity we introduce to
shorthand

1 1
7j=— and T3=—

1
Th = —
C w; I}

It should be emphasized here that when using these expressions to approximate the correlations, o and 8 should be
interpreted as

a=wj_1pj—1 and B =wjrs—1(1 — pjts) (20)

where S is the chosen small system size.

1. Two (2) sites

For two sites, we have the distribution

2
POO Talpha
POl _ L TalphaTbeta (21)
Pio| — 2 |wi'( +
10 2 Wy Talpha Tbeta)
PH Tb2€ta

where Z5 = Tflpha + TalphaToeta + T1 (Tatpha + Toeta) + Ty, and the current reads

) 1
J(2-s1tes) = aPyy + Py = Z— (Talpha + Tbeta) . (22)
2



2. Three (3) sites

The N = 3 is a bit more involved but tractable.

PoooT
Poos 72 (TaTB + TaT1 + 757'1)
TgTB (Toﬂ'ﬁ + ToaT1 + Tgﬁ)
Po1o
TaT2 (Ta + TB> (TaTB + TaT1 + Tﬂﬁ)
Po11 1 TaTh (Toﬂ'g + TaT2 + Tﬂm) (23)
_ - 23
P1oo Zs |1 (Ta + TB) (TaTﬁ + TaT2 + 7672) +7am (Toﬂ—ﬁ +Tam1 + Tﬁﬁ)
TRT1 (Ta + 7'5) (TaTﬂ + ToaT2 + 7'57'2>
Pio
7'22 (Ta + Tﬁ) (TaT@ + TaT1 + 7'57'1) + 7'572 (TaTﬂ + TaTo + TBTQ)
P )
110 'rg (TaTB —+ TaTo +T5T2>
P11
where the partition function
Z3 = (Tg [Ta + 78 + T1] + 72 (Ta + 78) (Ta + T2) ) (Tarﬂ + TaT1 + 7'57'1)
+ (TE [Ta + 75 + T2] + 71 (Ta + 78) (T + 7'1)) (TaTﬁ 4 ToTo + 7'57'2) ) (24)
The current then reads
. 1 1
J(Bsites) Z (Ta +78) (Ta + T2) (Toﬂ'ﬁ + ToT1 + 7'57'1> + ng (TaT,@ + ToTo + 737'2) ) (25)
3 3

[1] CIANDRINI, L., STANSFIELD, I., AND RomaNno, M. C.

Ribosome traffic on mrnas maps to gene ontology:
genome-wide quantification of translation initiation rates
and polysome size regulation. PLoS computational biol-
ogy 9, 1 (2013).

DERRIDA, B. An exactly soluble non-equilibrium system:
the asymmetric simple exclusion process. Physics Reports
301, 1-3 (1998), 65-83.

DERRIDA, B. Non-equilibrium steady states: fluctuations
and large deviations of the density and of the current.
Journal of Statistical Mechanics: Theory and Experiment
2007, 07 (2007), P07023.

DERRIDA, B., ENAUD, C., AND LEBOWITZ, J. The asym-
metric exclusion process and brownian excursions. Jour-
nal of statistical physics 115, 1-2 (2004), 365-382.
DERRIDA, B., Evans, M. R., HakmM, V., AND
PASQUIER, V. Exact solution of a 1d asymmetric ex-
clusion model using a matrix formulation. Journal of
Physics A: Mathematical and General 26, 7 (1993), 1493.
GREULICH, P., AND SCHADSCHNEIDER, A. Phase dia-
gram and edge effects in the asep with bottlenecks. Phys-
ica A: Statistical Mechanics and its Applications 387, 8-9
(2008), 1972-1986.

[7] MacDoNaLD, C. T., aND GiBBs, J. H. Concerning

3

=)

(10]

(11]

(12]

(13]

the kinetics of polypeptide synthesis on polyribosomes.
Biopolymers: Original Research on Biomolecules 7, 5
(1969), 707-725.

NERl1, I., KERN, N., AND PARMEGGIANI, A. Totally
asymmetric simple exclusion process on networks. Phys-
ical review letters 107, 6 (2011), 068702.

PARMEGGIANI, A., FRANOSCH, T., AND FREY, E. Phase
coexistence in driven one-dimensional transport. Physical
review letters 90, 8 (2003), 086601.

PARMEGGIANI, A., FrRANOSCH, T., AND FREY, E. To-
tally asymmetric simple exclusion process with langmuir
kinetics. Physical Review E 70, 4 (2004), 046101.
SzAVITS-NOSSAN, J., AND CIANDRINI, L. Accurate mea-
sures of translation efficiency and traffic using ribosome
profiling. BioRziv (2019), 719302.

SzAvITS-NOSsAN, J., AND Evans, M. R. Dynam-
ics of ribosomes in mrna translation under steady-and
nonsteady-state conditions. Physical Review E 101, 6
(2020), 062404.

VALLERIANI, A., IGNATOVA, Z., NAGAR, A., AND
Lipowsky, R. Turnover of messenger rna: Polysome
statistics beyond the steady state. FEPL (Europhysics
Letters) 89, 5 (2010), 58003.



	Chain decay and rates disorder in the totally asymmetric simple exclusion process
	Abstract
	Introduction
	The TASEP model
	Master equation

	Results
	Correlations modeling
	= 1 particles
	2 (extended) particles
	Iterative method of solution

	Entry limited (low density) expansion
	Reduced throughput
	Approximation error distribution


	Discussion and conclusions
	Appendix
	Entry limited dynamics: Perturbative expansion in 
	Few sites exact TASEP solutions
	Two (2) sites
	Three (3) sites


	References


