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LIMITS OF CONICAL KÄHLER-EINSTEIN METRICS ON RANK ONE
HOROSYMMETRIC SPACES

THIBAUT DELCROIX

Abstract. We consider families of conical Kähler-Einstein metrics on rank one horosymmet-
ric Fano manifolds, with decreasing cone angles along a codimension one orbit. At the limit
angle, which is positive, we show that the metrics, restricted to the complement of that orbit,
converge to (the pull-back of) the Kähler-Einstein metric on the basis of the horosymmetric
homogeneous space, which is a projective homogeneous space. Then we show that, on the
symmetric space fibers, the rescaled metrics converge to Stenzel’s Ricci flat Kähler metric.

1. Introduction

Chi Li and Song Sun showed in [LS14] that there exists conical Kähler-Einstein metrics on
P2, with conic singularities along a quadric D ⊂ P2, for cone angles 2πβ, with β ∈]1/4, 1].
Equivalently, there exists a (singular) Kähler-Einstein metric on the pair (P2, (1 − β)D) for
β ∈]1/4, 1]. Then they conjectured that these metrics converge in Gromov-Hausdorff sense to
the weighted projective space P(1, 1, 4), equipped with its orbifold Kähler-Einstein metric. This
convergence is now well understood thanks to the machinery developped by Chen, Donaldson
and Sun to solve the Yau-Tian-Donaldson [CDS15], but before that Chi Li used numerical
analysis to support the conjecture in [Li15], and further observed numerically that the bubble
out of this convergence was the Z/2Z-quotient of the Eguchi-Hanson Ricci flat Kähler met-
ric. Our purpose in this paper is to prove exactly (instead of only numerically) the bubbling
phenomenon in this case, and in a generalization to limits of conical Kähler-Einstein metrics
on rank one horosymmetric varieties. The bubbles arising in our generalization are fibrewise
Stenzel’s Ricci flat Kähler metrics on symmetric spaces of rank one.

The setting is the following. Let G be a connected complex semisimple group. We consider
a G-homogeneous fibre bundle X on a projective homogeneous space G/P , with fibers P -
equivariantly isomorphic to the unique equivariant compactificationX0 of a rank one semisimple
group G0/H0. In that situation, X possesses a unique prime G-stable divisor D, which is the
unique closed orbit of G. Assume that X is Kähler-Einstein, and let [0, b[( [0, 1[ be the set
of all s such that (X, sD) admits a singular log Kähler-Einstein metric in c1(X). We denote
by ωs a log Kähler-Einstein metric on (X, sD) which is invariant under a maximal compact
subgroup K of G. Such metrics have conical singularities along D by [GP16].

Theorem 1.1. As s converges to b, the conical Kähler-Einstein metrics ωs restricted to X \D
converge to the pullback of the Kähler-Einstein metric on G/P . Furthermore, restricted to
a symmetric fiber G0/H0, and rescaled, they converge to Stenzel’s complete Ricci flat Kähler
metric.

We note that the divisor D is a projective homogeneous space, and as such, is a Fano
Kähler-Einstein manifold. However in the general case considered here, it is not assumed to be
an ample divisor in X, or a multiple of the anticanonical divisor. The simplest example where
the fibration structure is non-trivial is given by P2×P2 equipped with the diagonal SL3-action,
see Example 2.3.

The proof relies on the translation of the equation governing the existence of K-invariant
log Kähler-Einstein metrics to a single ODE. This is obtained through the convex geometric
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translation of Kähler geometry of horosymmetric varieties obtained by the author in [Del20].
One then follows the strategy of [Del17], inspired by [WZ04], and already specialized to the
rank one case by Biquard and the author in [BD19]. The added input is to examine precisely
what fails in the existence result as s→ b, and translate this into estimates on the sequence of
convex potentials.

As should be obvious from the proof, and comparison with [DH21] for example, the same
methods should apply with very limited changes, to more general settings. For example, one
could use the same method to show that Stenzel’s metric appear in bubbling phenomenon for
various continuity paths or flows, such as the Kähler-Ricci flow, or the twisted Kähler-Einstein
continuity path for the existence of Kähler-Einstein metrics. The methods apply as well on a
singular rank one horosymmetric variety, and in that setting we exhibited examples without
Kähler-Einstein metrics in [BD19].

Several generalizations of this work are of interest, let us comment on some of these to con-
clude the introduction. First, rank one horosymmetric varieties do not exhaust the possibilities
for cohomogeneity one manifolds. However, the Kähler geometry of such manifolds in general
is not yet fully understood. We intend to fill this gap one day, and we expect Stenzel’s metrics
to stealth into this setting as well.

If one wishes to extend the picture to manifolds without symmetries, a natural replacement
to Stenzel’s metrics is provided by Tian-Yau’s asymptotically conical complete Ricci flat Kähler
metrics on the complement of a divisor [TY91]. Biquard and Guenancia informed the author
that they studied this problem in general by gluing techniques (with a strategy analogous to
[BG22]), obtaining a wide generalization.

Finally, it should be noted that Tian-Yau’s metrics are constructed on the complement of a
smooth divisor, representing a multiple of the anticanonical line bundle. This is of course not
the only setting of interest, but the case of singular divisor for example, is wide open in general.
The construction by Biquard and the author of asymptotically conical Ricci flat Kähler metrics
on rank two symmetric spaces, with singular tangent cones in [BD19], should be revisited with
the point of view of limits of conical Kähler-Einstein metrics, and may provide further insights
on possible generalizations.

Acknowledgements. The author is partially funded by ANR-21-CE40-0011 JCJC project
MARGE and ANR-18-CE40-0003 JCJC project FIBALGA. We thank Olivier Biquard, Henri
Guenancia and Chenyang Xu for discussions related to the topic of this note.

2. Rank one horosymmetric manifolds, and their Kähler geometry

We extract from the general setting of horosymmetric varieties in [Del20, DH21] the Kähler
geometry tools to translate our problem into the study of a single ODE.

2.1. Rank one horosymmetric manifolds. Let G be a connected, semisimple complex al-
gebraic group. We always denote by the corresponding fraktur character the Lie algebra of a
group, for example, g is the Lie algebra of G.

Definition 2.1. An algebraic subgroup H of G is horosymmetric if there exists a parabolic
subgroup P of G, a Levi decomposition P = LP u of P and a complex Lie algebra involution σ
of L such that

h = lσ ⊕ pu.

It is of rank one if furthermore the reductive symmetric space L/Lσ is a rank one symmetric
space.

From now on we assume that G, P = LP u, H are fixed, with the assumption that the action
of L on L/L ∩H does not factor through a torus. If H is a horosymmetric subgroup of rank
one, we also say that G/H is a rank one horosymmetric homogeneous space.

One should be aware that we do not require the action of L to be effective, nor to have a
finite kernel, otherwise the class of rank one horosymmetric spaces would be reduced to rank
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one symmetric spaces. Thanks to the classification of rank one symmetric spaces, the last
sentence of the definition means that L admits a semisimple quotient G0 such that the action
of L on L/L ∩H factors through G0, with isotropy group H0, and up to isogeny, G0 and H0)
are in the following list:

• G0 = SOn+2 and H0 = SOn+1, for some n ≥ 0
• G0 = SLn+1 and H0 = GLn, for some n ≥ 2
• G0 = Sp2n and H0 = Sp2×Sp2n−2, for some n ≥ 3
• G0 = F4 and H0 = SO9.

The first case with n = 0 is special: in this case G0 = SO2 ' C∗ is a torus, and the
homogeneous space si called horospherical (of rank one). We will not consider this case in the
present paper since in that situation, conical Kähler-Einstein metrics exist only for one given
cone angle, so it does not make sense to take a limit.

Remark 2.2. We can describe G/H as the fiber bundle with fiber G0/H0 associated to the P -
principal fiber bundle G→ G/P . This is the quotient of G×G0/H0 by the action of P given by
p · (g, x) = (gp−1, p ·x) where the action of P on G0/H0 is via the morphisms P/P u ' L→ G0.

Example 2.3. Let G = SL3 and consider the natural diagonal action on P2 × P2. There are
two orbits: the diagonal and its complement. The complement P2×P2 \diag(P2) is a rank one
horosymmetric space. Indeed, consider the stabilizer H of the point [1 : 0 : 0], [0 : 1 : 0]). It is
the subgroup generated by the maximal torus T of diagonal matrices, and the unipotent radical
of the parabolic subgroup P of G, which is the stabilizer of the hyperplane {z = 0} in P2 with
homogeneous coordinates [x : y : z]. We can choose the Levi subgroup L = S(GL2×GL1) of
block diagonal matrices in P . Then L∩H = T , the action of L on L∩H factors through PGL2

and the rank one symmetric space fiber is PGL2 /PSO2.

2.2. Maximal compact group action. As in [Del20, DH21], we make the following choices
to reduce Kähler geometry of G/H to convex geometry and combinatorics.

Choose Ts a torus in L, maximal for the property that σ acts on Ts as the inversion. Choose
T a maximal σ-stable torus of L containing Ts. Let Q denote the parabolic subgroup of G
which is opposite to P , that is, Q ∩ P = L. Let B be a Borel subgroup of G with T ⊂ B ⊂ Q
such that, if β is a root of B ∩ L (with respect to the maximal torus T ), then either σ(β) = β
or −σ(β) is a root of B ∩L. We denote by Φ+ the roots of B, by ΦQu the roots of Qu, and by
Φ+
s the roots of B ∩ L which are not fixed by σ.
Fix K a maximal compact subgroup. Let as denote the real vector space ts ∩ ik.
Under the rank one assumption, the torus Ts is of complex dimension one, and as is a one

dimensional real vector space. The restriction of any root of Φ+
s to as is non-zero, and they

all define the same non-negative closed half-space a+
s ⊂ as, called the positive restricted Weyl

chamber.

Proposition 2.4. The image of the positive restricted Weyl chamber a+
s under the map g →

G/H, x 7→ exp(x)H is a fundamental domain for the action of K on G/H.

2.3. Invariant metrics as functions. On the homogeneous space G/H, we will work with
metrics in (a multiple of) the anticanonical class c1(K−1

G/H). It should be noted that in general,
the space of K-invariant Kähler classes up to scaling may be of positive dimension.

We let χH be the character of H defined by

χH =

 ∑
α∈Φ+

s ∪ΦQu

α

∣∣∣∣∣∣
H

We will consider it as the σ-invariant element of t∗ defined by

χH =
∑

α∈Φ+
s ∪ΦQu

α+ α ◦ σ
2
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This is the isotropy character of K−1
G/H , that is, the character corresponding to the one-

dimensional representation of H defined by the fiber at the identity coset. We let also π
denote the quotient map G→ G/H.

Let ω be a K-invariant closed real (1,1)-form in c1(K−1
G/H). Recall that it is the curvature of a

K-invariant hermitian metric h onK−1
G/H . Note that h is well-defined only up to a multiplicative

constant.
Let γ be the primitive generator of X∗(T/T ∩H) which evaluates non-negatively on elements

of a+
s . Let γ∗ be the unique element of a+

s such that γ(γ∗) = 1.
We choose ξ a non-zero element of the fiber of K−1

G/H at the identity coset. Define uh : R→ R
by

uh(x) = − ln|exp(xγ) · ξ|h.
This is an even function which fully determines h, hence ω. Even though it is only determined
by ω up to an additive constant, we will denote by uω the function associated to an arbitrary
choice of h and ξ.

The form ω is Kähler if and only if u′′ω > 0 and u′(x) < minα∈ΦQu
κ(χH ,α)
κ(γ,α) .

Proposition 2.5. Assume that ω is Kähler, then up to an additive constant, uRic(ω) is defined
by, for x > 0,

(1) uRic(ω)(x) = −1

2
ln

u′′(x)
∏
β∈Φ+

s

κ(β, u′(x)γ)

sinh(2β(xγ∗))

∏
α∈ΦQu

κ(α, χH − u′(x)γ)


From a direct application of [Del20], in the product in formula (1), there should be the factor∏

α∈ΦQu

e2α(xγ∗)

but in our situation, this is equal to 1 for all x ∈ R. Indeed, the action of K induces, on as, the
action of the restricted Weyl group, which in our rank one case is the reflection with respect to
the origin. By [Ros79], this reflection on as is induced by the action on t of an element w of the
Weyl group of L with respect to T . Any element of this Weyl group induces a permutation of
the roots in ΦQu . As a consequence,

∑
α∈ΦQu

α is invariant under w, and thus for any x ∈ R,∑
α∈ΦQu

α(xγ∗) =
∑

α∈ΦQu
α(−xγ∗) = 0.

2.4. On the toroidal equivariant compactification. Any rank one symmetric space G0/H0

admits a unique G0-equivariant compactification X0, which is smooth (it is either a projective
space or a quadric). In this paper, for a rank one horosymmetric space G/H = (G×G0/H0)/P ,
we consider the G-equivariant compactification X given by the fiber bundle (G×X0)/P with
fiber X0, called the toroidal compactification. By definition, it is smooth as well.

Example 2.6. For G/H = SL3 /〈T, P u〉 = P2 × P2 \ diag(P2), the toroidal compactification is
X = Bldiag(P2)(P2 × P2).

In general there can be more than one G-equivariant compactification, as is obvious in the
above example: P2 × P2 is also an equivariant compactification. However, for all compactifica-
tions, there is only one added orbit, and it is a divisor only in the toroidal compactification.

Let D = X \ (G/H) denote the closed G-orbit in X, which is the unique G-stable prime
divisor on X.

Let λac = 1 +
∑

α∈Φ+
s ∪ΦQu

α(γ∗) = 1 +
∑

α∈Φ+
s
α(γ∗).

Proposition 2.7. A smooth K-invariant Kähler form ω in c1(K−1
G/H) extends to X as a locally

bounded Kähler current in c1(X)− s[D] if and only if u′ω(R+) = [0, λac − s[.
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2.5. EDO and their translation. In view of the previous description of K-invariant Kähler
metrics by one-variable real functions, the existence of canonical Kähler metrics on rank one
horosymmetric varieties can be encoded by ODEs. We give explicitly the equation for the
metrics that will be of interest for us. To shorten the notations, we introduce

(2) v(p) =
∏
β∈Φ+

s

κ(β, pγ)
∏

α∈ΦQu

κ(α, χH − pγ)

and

(3) J(x) =
∏
β∈Φ+

s

sinh(2β(γ∗)x), j = − ln J

Proposition 2.8. A K-invariant singular Kähler-Einstein metric exists on the pair (X, sD)
if and only if there exists a smooth, even function u : R → R such that u′′(R) ∈]0,+∞[,
u′(R+) = [0, λac − s[, and for all x > 0,

(4) u′′v(u′) = e−(2u+j)

Furthermore, this function is uniquely determined. Finally, there exists such a function if and
only if

(5)
∫ λac−s

0
pv(p) dp > (1− λac)

∫ λac−s

0
v(p) dp

We refer to [BBE+19] for the full definition and caracterization of singular Kähler-Einstein
metrics, and to [BD19] for the proof of criterion (5). We will go over a part of the proof from
[BD19] in the next section.

Proposition 2.9. Assume that G/H = G0/H0, that is, G/H is a rank one symmetric space.
Then the K-invariant Kähler metric ωu in the trivial Kähler class c1(K−1

G/H) is a Ricci flat
Stenzel metric if and only if

(6) u′′v(u′) = CJ

for some C ∈ R.

3. Estimates break

By Proposition 2.8, there exists a singular Kähler-Einstein metric on G/H as long as crite-
rion (5) is satisfied. Obviously, the set of s satisfying criterion (5) is bounded above by 1. We
assume that it is non-empty and denote its supremum (which is not a maximum) by b. Note
that it is always non-empty in the case when G/H = G0/H0 is a rank one symmetric space,
since in that case X0 is a projective homogeneous space, hence admits a Kähler-Einstein metric
for s = 0. We will also impose throughout that s ≥ 0. Although a lower bound is needed in the
proof, allowing negative values of s may allow to deal with more examples, when X0 does not
admit a Kähler-Einstein metric. Since we do not know of the existence of such an example, we
settle with the lower bound s ≥ 0.

For 0 ≤ s < b, we denote by us the solution, and let

νs := 2us + j

In view of the expression of j, we know that νs is smooth, strictly convex on ]0,+∞[, with
ν ′s(]0,+∞[) =] −∞, 1 − s[. In particular, since 1 − s > 0, νs admits a unique minimum. We
define ms and xs by

ms = min
]0,+∞[

νs = νs(xs)

We define also ys and δs by

[ys − δs, ys + δs] := ν−1
s ([ms,ms + 1])

Lemma 3.1. There exist a constant ε2 > 0 independent of 0 ≤ s < b such that ys − δs ≥ ε2.
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Proof. Let 0 < x < 1 and consider the difference

νs(x)− νs(1) = 2(us(x)− us(1)) + j(x)− j(1)

Since us is λac-Lipschitz (even λac − s-Lipschitz), and νs(1) ≥ ms, we have

νs(x)−ms ≥ −λac + j(x)− j(1)

The right hand side is a function of x which is independent of s and we have

lim
x→0

j(x) = lim
x→0
−
∑
β∈Φ+

ln sinh(2β(γ∗)x)→ +∞

hence there exists a ε2 > 0 such that the right hand side is larger than 1 for x ≥ ε2. �

Lemma 3.2. There exists δ̃ > 0 independent of 0 ≤ s < b such that

[xs − δ̃, xs + δ̃] ⊂ [ys − δs, ys + δs]

Proof. On [ε2,+∞], the derivative of νt is uniformly bounded:

j′(ε2) ≤ 2u′s(ε2)+j′(ε2) = ν ′s(ε2) ≤ ν ′s(x) = 2u′s(x)+j′(x) ≤ 2(λac−s)−
∑
β∈Φ+

s

2β(γ∗) ≤ 2(1−s)

We thus have a uniform Lipschitz bound on νs. Since νs(xs) = ms and [ys − δs, ys + δs] =
ν−1
s ([ms,ms + 1]), this yields the result. �

Lemma 3.3. There exists a constant C > 0 such that for 0 ≤ s < b,

δs ≤ Ce
ms
2

Proof. By assumptions on the solution us, we know that v(u′s(x)) is positive for x ∈]0,+∞[ for
any s ∈ [0, b[. Let

C0 := inf
]0,λac[

1

v

For s ∈ [0, b[ fixed, consider the function f defined by

f(x) = νs(x)− C0e
−ms−1((x− ys)2 − δ2

s)−ms − 1

By direct computation, we have

f ′′(x) = 2u′′t (x) + j′′(x)− 2C0e
−ms−1

= 2u′′t (x)− 2C0e
−ms−1

≥ 2
e−νs(x)

v(u′s(x))
− 2C0e

−ms−1

≥ 2C0

(
e−νs(x) − e−ms−1

)
As a consequence, f is convex on [ys − δs, ys + δs]. Since f(ys − δs) = f(ys + δs) = 0, by
convexity we deduce f(ys) ≤ 0 and thus

νs(ys) ≤ −C0e
−ms−1δ2

s +ms + 1

Since νs(ys) ≥ ms by definition of ms, we gather

δ2
s ≤

1

C0e−ms−1

hence the result. �

Lemma 3.4. We have, for any s ∈ [0, b[,

0 < V− :=

∫ λac−b

0
v(y) dy ≤

∫ ∞
0

e−νs dx ≤ V+ :=

∫ λac

0
v(y) dy
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Proof. By equation (4), and the change of variable y = u′s(x), we have∫ ∞
0

e−νs dx =

∫ ∞
0

v(u′s)u
′′
s dx =

∫ λac−s

0
v(y) dy

hence the result. �

Lemma 3.5. There exist a constant Cm independent of s ∈ [0, b[ such that

|ms| ≤ Cm
Proof. Write

(7)
∫ +∞

0
e−νs = e−ms

∫ +∞

0
e−λ Vol(ν−1

s ([ms,ms + λ])) dλ

We will obtain both an upper bound and a lower bound, and compare the two.
By convexity, ν−1

s ([ms,ms+λ]) is included in the λ-dilation with center xs of [ys−δs, ys+δs],
hence

Vol(ν−1
s ([ms,ms + λ]) ≤ 2δtλ

Integrating yields ∫ +∞

0
e−νs ≤ 2δse

−ms
∫ +∞

0
λe−λ dλ

≤ 2δse
−ms

≤ 2Ce−
ms
2

by Lemma 3.3. By Lemma 3.4, we thus have

0 < V− ≤ 2Ce−
ms
2

in other words,
ms ≤ 2 ln(2C/V−)

On the other hand, for λ ≥ 1, we have [xs−δ̃, xs+δ̃] ⊂ ν−1
s ([ms,ms+1]) ⊂ ν−1

s ([ms,ms+λ]),
hence

Vol(ν−1
s ([ms,ms + λ]) ≥ 2δ̃

Now putting this in formula (7) yields

V+ ≥
∫ +∞

0
e−νs ≥ 2δ̃e−ms

∫ +∞

1
e−λ dλ

≥ 2δ̃e−ms−1

In other words,
ms ≥ ln(2δ̃/V+)− 1

�

Lemma 3.6. There are constants Cδ, l1, l0 independent of s ∈ [0, b[ such that δs ≤ Cδ and for
all 0 < x < +∞,

νt(x) ≥ l1|x− xs|+ l0

Proof. The bound for δs follows from the two previous lemma. As a consequence, we have
νs(xs ± 2Cδ) ≥ ms + 1. By convexity, we deduce that νs(x) ≥ |x−xs|

2Cδ
+ ms for x not in the

interval [xs − 2Cδ, xs + 2Cδ]. Since νs ≥ ms everywhere and |x−xs|2Cδ
≤ 1 on the latter interval,

we obtain the result, with l0 := ms − 1 and l1 := 1
2Cδ

. �

Now we draw the first consequence of the non-existence of solutions at s = b.

Lemma 3.7.
lim
s→b

xs = +∞
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Proof. Assume the contrary, then there exists a subsequence of 0 ≤ sk < b such that sk → b
and xs → xb ∈]ε2,+∞[. In this case, by the same arguments as in [BD19], the functions usk
converge locally uniformly to a solution of equation (4). This is impossible. �

4. Collapsing

Let r = Card(Φ+
s ) be the order of vanishing of v at 0. Note that r + 1 is equal to the

dimension of the symmetric space fiber G0/H0.

Lemma 4.1. There exists a strictly increasing function V −1 : [0,+∞[→ [0,+∞[ and a constant
C−1 > 0, such that for any q ∈ [0,+∞[,

1

C−1
q

1
r+1 ≤ V −1(q) ≤ C−1q

1
r+1

and for any s ∈ [0, b[, for any x ∈ [0,+∞[,

u′s(x) = V −1

(∫ x

0
e−νs(y) dy

)
Proof. By definition of v and λac, we know that v is continuous on [0, λac], positive on ]0, λac[.
By definition of r, we deduce that there exists a constant Cv > 0 such that for any p ∈ [0, λac−1],

(8)
1

Cv
pr ≤ v(p) ≤ Cvpr

Let V : [0, λac]→ R be the primitive of v which vanishes at 0. For p ∈ [0, λac − 1], we have

1

(r + 1)Cv
pr+1 ≤ V (p) ≤ Cv

r + 1
pr+1

Since v is positive on ]0, λac[, V is strictly increasing on [0, λac], and its inverse V −1 : V ([0, λac])→
[0, λac] is a strictly increasing function.

Let p0 ∈]0, λac− 1[ be such that Cv
r+1p

r+1 ∈ V ([0, λac− 1]) for any p ∈ [0, p0]. Then applying
V −1 to the above inequality yields

V −1

(
1

(r + 1)Cv
pr+1

)
≤ p ≤ V −1

(
Cv
r + 1

pr+1

)
Setting q0 := Cv

r+1p
r+1
0 we have, for 0 ≤ q ≤ q0,(

r + 1

Cv

) 1
r+1

q
1
r+1 ≤ V −1(q) ≤ (Cv(r + 1))

1
r+1 q

1
r+1

Since V −1 is increasing and V −1(q0) > 0, we deduce that there exists a constant C−1 > 0 such
that for all q ∈ V ([0, λac]),

1

C−1
q

1
r+1 ≤ V −1(q) ≤ C−1q

1
r+1

We set V −1(q) := C−1q
1
r+1 for q ∈ R+ \ V ([0, λac]). This is an increasing function, albeit no

longer continuous, which still satisfies the above inequality.
Integrating equation (4) between x1 < x2 ∈ [0,+∞[ yields

V (u′s(x2))− V (u′s(x1)) =

∫ x2

x1

e−νs(y) dy

In particular, for x1 = 0,

u′s(x2) = V −1

(∫ x2

0
e−νs(y) dy

)
�
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Lemma 4.2. There exists a constant Cu > 0 such that for any s ∈ [0, b[ and any x ∈ [0, xs],

0 ≤ us(x)− us(0) ≤ C−1

(
e−l0

l1

) 1
r+1 r + 1

l1

(
e
l1
r+1

(x−xs) − e−
l1
r+1

xs
)

Proof. For 0 ≤ x ≤ xs, we can plug the uniform linear growth inequality from Lemma 3.6 in
the expression of u′s from Lemma 4.1 to get

u′s(x) = V −1

(∫ x

0
e−νs(y) dy

)
≤ V −1

(∫ x

0
e−l1(xs−y)−l0 dy

)
≤ V −1

(
e−l1xs−l0

l1
(el1x − 1)

)
≤ V −1

(
e−l0

l1
el1(x−xs)

)
≤ C−1

(
e−l0

l1

) 1
r+1

e
l1
r+1

(x−xs)

As a consequence, by integrating we get, for 0 ≤ x ≤ xs,

0 ≤ us(x)− us(0) =

∫ x

0
u′t(y) dy

≤
∫ x

0
C−1

(
e−l0

l1

) 1
r+1

e
l1
r+1

(y−xs) dy

≤ C−1

(
e−l0

l1

) 1
r+1 r + 1

l1

(
e
l1
r+1

(x−xs) − e−
l1
r+1

xs
)

�

The collapsing result follows immediately : for any M > 0, the functions us|[0,M ] − us(0)
converge uniformly to the zero function, hence the metrics associated to us converge to the
metric associated with the zero function, which is exactly the pullback of the Kähler-Einstein
on the basis G/P .

5. Convergence to Stenzel’s metric on (rescaled) symmetric fibers

Our main theorem follows from the more precise result.

Theorem 5.1. Consider the functions

us = e
2us(0)
r+1 (us − us(0))

Then up to subsequence of s, they converge locally uniformly to an even, C2 solution to the
equation

v0(u′)u′′ = CJ

for some constant C > 0, with v0(p) =
∏
α∈Φ+

s
κ(α, pγ), hence they converge to the potential of

a Stenzel metric on the symmetric fiber.

Proof. Let M > 0. Since xs → ∞, we may as well assume that [0,M ] ⊂ [0, xs/2] for all
(sufficiently close to b) s. We assume for the first part of the proof that x ∈ [0,M ].
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We first derive uniform estimates for u′s. By Lemma 4.1, and since us(0) ≤ us(x) ≤ us(xs/2),
we have

V −1

(
e−2us(xs/2)

∫ x

0
J

)
≤ u′s(x) = V −1

(∫ x

0
e−2usJ

)
≤ V −1

(
e−2us(0)

∫ x

0
J

)
hence

1

C−1
e−

2us(xs/2)
r+1

(∫ x

0
J

) 1
r+1

≤ u′s(x) ≤ C−1e
− 2us(0)

r+1

(∫ x

0
J

) 1
r+1

Finally,

1

C−1
e−

2(us(xs/2)−us(0))
r+1

(∫ x

0
J

) 1
r+1

≤ u′s(x) = e
2us(0)
r+1 u′s(x) ≤ C−1

(∫ x

0
J

) 1
r+1

Since us(xs/2) − us(0) converges uniformly to 0 as s → b, and
∫ x

0 J is independent of s, we
obtain a uniform bound for u′s on [0,M ].

By integration from 0, since us(0) = 0, we obtain a uniform bound for us on [0,M ] as well.
Turning to u′′s , we have, at least for x 6= 0,

u′′s(x) = e
2us(0)
r+1 u′′s(x) = e

2us(0)
r+1

e−2us(x)J(x)

v(u′s(x))

By inequality (8), we have

e
2us(0)
r+1

e−2us(x)J(x)

Cv(u′s(x))r
≤ u′′s(x) ≤ e

2us(0)
r+1

Cve
−2us(x)J(x)

(u′s(x))r

Plugging in the inequality for u′s(x) obtained above, we get

1

CvCr−1

e2(us(0)−us(x))J(x)

(∫ x

0
J

)− r
r+1

≤ u′′s(x) ≤ CvCr−1e
2(
us(0)
r+1

+
rus(xs/2)

r+1
−us(x))J(x)

(∫ x

0
J

)− r
r+1

Again, this provides a uniform bound on [0,M ], since us(x) converges uniformly to us(0)

on [0, xs/2], and J(x)
(∫ x

0 J
)− r

r+1 is a function on ]0,+∞[, independent of s, which extends
continuously to 0 in view of the order of vanishing of J at 0.

It follows from Arzela-Ascoli theorem that up to subsequence the us converge locally uni-
formly in C1 sense to a limit function ub on [0,+∞]. From the equation, we deduce that the
convergence is actually in C2 sense. It remains to check the equation satisfied at the limit.

For this, we consider first

v(u′s(x)) =
∏
β∈Φ+

s

κ(β, u′s(x)γ)
∏

α∈ΦQu

κ(α, χH − u′s(x)γ)

We have seen that u′s converges uniformly on [0, xs/2] to 0 as s → b. As a consequence, the

factors corresponding to α ∈ ΦQu converge to constants. In view of the relations u′s = e−
2us(0)
r+1 u′s

and u′′s = e−
2us(0)
r+1 u′′s , passing to the limit in Equation (4) multiplied by e2us(0) yields

u′′s
∏
β∈Φ+

s

κ(β, u′s(x)γ)
∏

α∈ΦQu

κ(α, χH) = J

hence the result. �
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