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Abstract

Non-Equilibrium Molecular Dynamics (NEMD) simulations have been performed

to describe the flow of a fluid nanolayer confined by another fluid. The results show

that the behaviour of liquids can still be described by the Navier-Stokes equation at

the nanoscale, i.e. when only few molecular layers are involved. NEMD furthermore

gives additional knowledge on flow. Indeed, while a very small slip is evidenced for

a solid-liquid interfaces, as e.g. in lubrication, the slip lengths are significantly larger

at the liquid-liquid interface, as encountered e.g. in droplets coalescence. The slip

lengths of the two fluids are linked. The increase in hydrodynamic slip for liquid-liquid

interfaces is attributed to the enhancement of fluid diffusion, which reduces friction.

Introduction

Behaviour of fluids confined in nanochannels are of great interest in many fields from the-

oretical and industrial point of view. For instance, developments in nanoscience led to the
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emergence of nanofluidic devices, and it is important to understand the physics of fluids

at that scale. Navier-Stokes equations are commonly used to describe flows at macro and

meso scale, and for a long-time the no-slip condition was adopted. However, in the past

decades, many results from experiments and simulations have highlighted the presence of

slip at the solid-liquid interface, especially at nanoscale.1 In the vicinity of the wall, the

fluid is layered due to its molecular structure.2 The interaction with a wall can modify the

local order in the liquid near the solid and have an effect on flow and slip.3 When a fluid

is confined in a nano-pore, the flow properties differ from those at macro and micro scale

because the interaction between the fluid and the wall plays an important role.4 As a results,

many studies were carried to assess the relevance of Navier-Stokes equations to describe the

hydrodynamics of a fluid confined in a nanochannel. One of the best tool used to describe

confined fluid is computer simulation.5 In particular, non equilibrium molecular dynamics

(NEMD) simulations have been widely used for the simulation of viscous homogeneous fluid

flows.6 With that technique, it has been shown the Navier-Stokes equations were accurate

if the width of the pore is much larger than 10 times the molecular size.7,8 The behaviour

of water in a confined domain of a few nanometers was shown to be well predicted by the

Navier-Stokes equation using the bulk properties of the fluid.9,10 The flow and transport

in nanofluidics can be influenced by many parameters which aroused great interest in the

scientific community.11 In particular, many studies focused on the phenomenon of slip at

solid-liquid interface.

The hydrodynamic boundary conditions can also be studied by molecular dynamics sim-

ulations. Slippage may occur at the interface and slip lengths can be calculated from non

equilibrium12–14 and equilibrium15,16 molecular dynamics simulations. NEMD simulations

may have limits when it comes to quantifying the slip length of a liquid on a channel when

its value becomes large.17 Although giant slip values have been obtained and well modelled

by MD with the use of hydrophobic ball bearings.18 In any case it is undeniable that the

existence of slip has been well highlighted. The slip length, however, depends on many pa-
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rameters such as the fluid temperature,19,20 the surface roughness and its polarity.21 Slip is

highly influenced by charged surfaces which alter the structure of the electrical double layer

contribute to friction.22–24

Surprisingly there are very few similar molecular studies of hydrodynammic boundary

conditions at liquid-liquid interfaces. Yet many industrial processes such as nuclear fuel

treatment, recycling and separating chemistry involve the mixing or demixing of two liquid

phases. Understanding how liquid-liquid interfaces respond to stress is of great interest for

the development and optimisation of these processes. Phenomena like film thinning,25,26

droplet coalescence27,28 or mass transfer29 are directly controlled by the behaviour and the

properties of the liquid interface. However, the understanding of the liquid interface dy-

namics remains a major challenge because it lacks description at the nano-scale. At the

macro-scale, the classical boundary conditions is that there is equality of the tangential ve-

locity at the liquid-liquid interface except from some systems of polymers where a slip can

be considered.30,31 The recognition and consideration of slip at the solid-liquid interface has

led to great improvement in the field of nanofluidics. Similarly, a better understanding of

the slip at liquid-liquid interfaces could lead significant improvements in the aforementioned

processes. Several works highlighted the presence of slip at a fluid-fluid Lennard-Jones inter-

face by MD simulations.32–34 However, a full explanation of the slip in fluids not composed

of chain-like molecules is not given. The slip is an apparent jump in velocity and can be

modelled effectively via a Navier Slip Condition.35,36 This theory is supported by the appar-

ent relation between the slip length and the viscosity of the fluid. Recently, the behaviour of

a laminar two-phase flow in quartz nanopores was investigated.37 The authors pointed out

that liquid-liquid slip has a strong influence on the non wetting-phase flow. By taking into

account the liquid-liquid slip in the theoretical hydrodynamics model, they improved the

description and understanding of the mechanisms occurring in confined multi-phase flow.37
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In the present work, we used NEMD simulations and hydrodynamics theory to study the

flow of confined liquids and the slip at the interfaces. The liquids are confined either in a

solid channel or between two other immiscible liquid layers. We report molecular simulations

of water flow in frozen heptane nanochannels and heptane flow in frozen water nanochannels.

We also carried MD simulations in the case of a two phase system composed of liquid water

and liquid heptane separated by a planar interface. Due to periodic boundary conditions,

each liquid is confined between two layers of the other one. In this case, the two liquids

are mobile and undergoing flow in opposite directions. We calculated the viscosity of bulk

heptane and bulk water using the Green-Kubo method. We then use NEMD simulations

to obtain the velocity profiles in the different confined liquids modelled. To make sure the

velocity fitting is not arbitrary,38–40 we have taken the Gibbs convention for the interface

position for both water and heptane. These profiles were compared to the prediction of

a continuous hydrodynamics model resulting from the resolution of Navier-Stokes equation

with slip boundary conditions. The aim of this is to assess the relevance of a continuous

hydrodynamic description of confined liquids at the nano-scale and to study the influence of

interface mobility on slip.

Methods and models

Molecular Dynamics

In the present simulations, we study the flow in confined liquid heptane and in confined

liquid water. The models used for MD simulations are rigid SPC/E for water41,42 and OPLS

for n-heptane.43 Particles interact through Lennard-Jones (LJ) and Coulomb potentials. A

cut-off of 12 Å is used for LJ interactions and a PPPM solver is used to compute long-range

Coulomb interactions.44 The SHAKE45 algorithm is used in the integration of the equation

of motion for the rigid SPC/E model. The study is divided in two parts. In the first part,

one component is liquid and the other is made rigid by the simulation parameters. This
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is equivalent to the simulation of a liquid flow in a nanochannel. In the second part, both

components are liquid and are subjected to flows in opposite directions. The first part was

carried out for comparison with the solid/liquid case in order to understand the mechanisms

underlying the liquid/liquid interfaces.

In the solid-liquid case, we model liquid water confined between two frozen heptane sur-

faces, and liquid heptane confined between two frozen water surfaces. The use of the term

frozen refers here to the fact that molecules are kept rigid and immobile during the sim-

ulation. In each case, we model channels of 8 and 12 nm width. The dimensions of the

computational box were chosen so as to obtain at equilibrium, taking into account the role

of the surface tension, plane interfaces between the two liquids. Indeed, according to the

aspect ratio of the box, the interface obtained will be spherical, cylindrical or planar.46 The

dimensions of the box in the x and y directions chosen are 7 and 3.6 nm respectively.

In the liquid-liquid case, both water and heptane are liquid and separated by a planar

interface. No constraints were applied on the mobility of the interface, but the surface

tension between heptane and water is large enough to show small fluctuations. Due to

periodic boundary conditions, a layer of heptane is confined between two layers of water

and reciprocally. We study two different configurations: (1) a system composed of an 8 nm

heptane layer and an 8 nm water layer, and (2) a system composed of a 12 nm heptane layer

and a 12 nm water layer. Details of the systems dimensions are provided in Table 1.

Table 1: Dimensions of the modelled systems.

Num x y z Heptane layer Water layer

1 7 nm 3.6 nm 16 nm 8 nm 8 nm

2 7 nm 3.6 nm 24 nm 12 nm 12 nm

After each system is constructed, a minimisation is performed. The systems are then

equilibrated in the NPT ensemble at 298 K and 1 atm for 2 ns. All MD simulations are

5



carried out with LAMMPS.47 Temperature in this configuration has to be kept constant

otherwise the box will heat up. It is maintained constant with a Nose-Hoover48 thermostat.

In some cases, the use of thermostat in confined fluids can lead to unphysical simulation

artefacts.49,50 Several thermostat has been tested in the simulations and no artefacts were

observed. The thermostat was not decoupled in any spatial direction due to possible issues

one may encounter while using rigid molecules.51

To study the hydrodynamics in heptane and water layers, a Poiseuille flow was induced

by applying constant external forces on each atoms of the liquids along the x-axis. In the

studied liquid-liquid configuration, forces and flows in each liquid were in opposite directions.

Hence, to ensure the stability of the simulation, the resulting component of the forces must

be zero. In both solid-liquid and liquid-liquid configurations, we simulated flows for four

different external forces to make sure that simulations are performed in the linear response

regime. The results for the weakest force computed were very noisy, sometimes resulting

in ”v”-shaped profile and thus not relevant. We have hence removed these results from the

calculations of average slip lengths. We present results for only one of the forces, F , for

greater clarity. F represents the total force applied to the considered liquid layer and is

given by:

F = NCfC +NHfH or F = NOwfOw +NHwfHw , (1)

where fC is the force applied on the carbon and fH the one applied on the hydrogen atom of

the heptane molecule, and fOw and fHw the forces applied on the oxygen and hydrogen atom

of the water molecule respectively. NC , NH , NOw ,NHw are the number of each atoms in the

considered liquid. The ratios of the force applied on the carbon fC and hydrogen fH atoms

fOw/fHw and fC/fH are fixed by the ratio of the atomic masses so that all atoms have the

same acceleration. This method is applied to avoid disturbing the rotation of the molecules.

Table 2 reports the four total forces exerted on the heptane layers to ensure flows in both

widths considered along with the forces applied on the carbon and hydrogen atoms of the
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heptane molecule. Table 3 reports the four total forces exerted on the water to ensure flows

in both channel widths considered along with applied on the oxygen and hydrogen atoms of

the water molecule.

Table 2: Applied forces on the heptane layer and corresponding forces applied on carbon
fC and hydrogen fH atoms of the heptane molecule for the different systems constructed.

Total force (kcal·(mol·Å)−1) Layer fC (kcal·(mol·Å)−1) fH (kcal·(mol·Å)−1)
F1 = −0.379239 8 nm -5.5×10−5 -4.61×10−6

F1 = −0.379239 12 nm -3.66×10−5 -3.07×10−6

F2 = −0.758479 8 nm -1.1×10−4 -9.21×10−6

F2 = −0.758479 12 nm -7.3×10−5 -6.14×10−6

F3 = −1.8962 8 nm -2.75×10−4 -2.3×10−5

F3 = −1.8962 12 nm -1.8×10−4 -1.53×10−5

F4 = −2.8443 8 nm -4.12×10−4 -3.5×10−5

F4 = −2.8443 12 nm -2.7×10−4 -2.3×10−5

Table 3: Applied forces on the water layer and corresponding forces applied on the oxygen
fOw and hydrogen fHw atoms of the water molecule for the different systems constructed.

Total force (kcal·(mol·Å)−1) Layer fOw (kcal·(mol·Å)−1) fHw (kcal·(mol·Å)−1)
F1 = 0.379239 8 nm 5.0×10−5 3.15×10−6

F1 = 0.379239 12 nm 3.3×10−5 2.1×10−6

F2 = 0.758479 8 nm 1,0×10−4 6.3×10−6

F2 = 0.758479 12 nm 6.64×10−5 4.2×10−6

F3 = 1.8962 8 nm 2.5×10−4 1.6×10−5

F3 = 1.8962 12 nm 1.66×10−4 1.05×10−5

F4 = 2.8443 8 nm 3.75×10−4 2.36×10−5

F4 = 2.8443 12 nm 2.49×10−4 1.57×10−5

In the cases presented in this paper. In this paper, we present the results for F = ±2.8443

kcal·(mol·Å)−1, depending on whether the force is applied according to +x or −x. This value

corresponds to a linear response regime, as was verified by simulating four different external

forces in both solid-liquid and liquid-liquid configurations. Results are available as Appendix.

This includes velocity profiles normalized by the applied force, so as to establish the response

linearity. In simulations, atoms trajectories are collected every 0.5 ps for 10 ns. Velocities

and densities of the particles in the x direction are sampled each femtosecond in bins of 0.2
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Å over the z axis, and averaged over the total simulation.

Green-Kubo calculations

MD profiles have been fitted to profiles from continuous hydrodynamics theory so as to

deduce the slip lengths. Since these models include the viscosity of the fluids involved as

unknown parameters, we calculated the viscosity at 298 K and 1 atm of SPC/E water and

OPLS n-heptane using the Green-Kubo formula.52–54 The Green-Kubo formula links the

bulk viscosity to the auto-correlation function of the diagonal and cross components of the

stress tensor Pαβ:

ηGK =
V

kBT

∫ ∞

0

⟨Pαβ(0)Pαβ(t)⟩dt. (2)

SPC/E Water

For the Green-Kubo calculation of the viscosity of SPC/E water we use a system of 6736

water molecules. We collect the 5 components of the stress tensor (Pxy,Pxz,Pyz,1/2(Pxx −

Pyy),1/2(Pyy − Pzz)) every femtosecond. The auto-correlation function (ACF) is averaged

over all the components of the stress tensor. The viscosity is then obtained from the integral

of the ACF over 5 ps. The ACF and the integral are given in Figure 1. We obtain a

viscosity of ηSPC/E = 0.787 mPa·s which is consistent with the literature values for the same

model.55,56

OPLS n-Heptane

For the calculation of the viscosity of OPLS n-heptane we use a system of 826 heptane

molecules. As before we collect the 5 components of the stress tensor every femtosecond

and average the ACF over all the components. The viscosity is then obtained from the

integral of the ACF over 5 ps. The ACF and the integral are given in Figure 2. We obtain
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Figure 1: Auto-correlation function (left) and integral over 5 ps (right) for SPC/E water.

a viscosity of ηOPLS = 0.387 mPa·s. Viscosities derived from Green-Kubo are available for

some n-alkanes57,58 but that of n-heptane is not given specifically. The value we calculated

is, however, consistent with the viscosity obtained for mixtures with high n-heptane mole

fractions.59,60
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Figure 2: Auto-correlation function (left) and integral over 5 ps (right) for OPLS n-heptane.

Hydrodynamics treatment

In continuous hydrodynamics models, flows at low Reynolds number are described by Stokes

equation which states:

η∆v −∇P + fv = 0, (3)

where η is the viscosity of the fluid, v is the velocity field, P the pressure, and fv the ex-

ternal force density exerted on the fluid. The equations have been solved, assuming fluid
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incompressibility, for the two configurations studied. The detailed steps of the calculations

are available as SI.

In the case of a confined liquid (Fig. 3), the flow is described by Eq.(16). Regarding

the boundary conditions, we consider that slip is prevailing. If there is a slip in z = L/2,

considering Navier’s condition, L being the channel width, the velocity profile is parabolic:

v = − fv
2η

(
z2 + Lb− L2

4

)
. (4)

Solid

Solid

x

z

L
Liquid

Parabolic velocity field
(with slip)

b

Figure 3: Poiseuille flow in a confined solid with slip boundary conditions.

The case of two liquids in PBC is shown in Fig. 4. For a stationary state, the total linear

momentum is constant so that:

∫
L1

f1dz −
∫
L2

f2dz = 0, (5)

with f1 and f2 the forces applied on liquid 1 and liquid 2 respectively. Both fluids follow the

Stokes equation. At the two fluid interfaces, slip boundary condition (SBC) applies, with

two distinct values b1 and b2 for the slip lengths. The consistency of the calculation (see
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Appendix for details) requires that a relation exists between the two slip lenghts:

b1
η1

=
b2
η2
. (6)

The ratio of the slip length to the viscosity is in fact the interaction force between the fluids

and is therefore the same due to Newton’s third law. We introduce the notation b1
η1

= b2
η2

= b
η

in the following. The final expressions of the velocities are (see Appendix for details):

 v1 = f1
2η1

((
L1

2

)2 − z2
)
+ v̄ +

(
1 + L2ρ2−L1ρ1

ρ1L1+ρ2L2

)
vg
2

v2 = − f2
2η2

((
L2

2

)2 − z2
)
+ v̄ −

(
1 + L1ρ1−L2ρ2

ρ1L1+ρ2L2

)
vg
2

(7)

with:

v̄ =

(
ρ2L

2
2

12η2
− ρ1L

2
1

12η1

)
fL

ρ1L1 + ρ2L2

. (8)

The slip velocity vg at the interfaces reads:

vg = v1 − v2 =
b

2η
fL. (9)

We thus have two opposite Poiseuille flows and constant velocity, which depends on the

reference frame (see Fig. 4).

Results and Discussion

Liquid flow in a nanochannel

Let us now compare the hydrodynamic model to MD simulations. For a liquid confined in a

rigid channel, hydrodynamics predicts a parabolic velocity profile described by Eq.(26). We

use NEMD to simulate the flow of liquid heptane in frozen water channels of 8 and 12 nm

widths, and reciprocally, the flow of liquid water in frozen heptane channels of 8 and 12 nm

widths. For each system and channel widths we considered, four simulations are carried out
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Figure 4: Opposite Poiseuille flows within fluids in slab geometry.

with various applied forces. In this section, we present the results for only one of the forces

computed and only for the 8 nm channel. The results for all computed forces in both channel

widths are available as SI for the two systems considered.

Fig. 5 reports the density profiles and the velocity profiles obtained for a heptane flow in

a 8 nm frozen water channel. The total force applied on the heptane layer is F = −2.8443

kcal·(mol·Å)−1. A snapshot of the simulation is also presented in Fig. 5 with some heptane

molecules coloured in red in order to visualise the Poiseuille flow. The movie of this simu-

lation is available as SI. Velocity profiles are fitted with eq. 26 to deduce the slip length of

heptane on rigid water bsh/w. To increase the accuracy, we use a function that calculates the

difference between the MD profile and the one predicted by eq. 26. The parameter bsh/w is ad-

justed so that the function is minimised. We obtain a value of bsh/w = 2.2 Å for F = −2.8443

kcal·(mol·Å)−1 in the 8 nm channel. The slip length values obtained for different channel

widths and forces F2 to F4 are given as Appendix along with the corresponding density and

velocity profiles. Results for F1 were too noisy to be relevant.

Fig. 6 represents the density and velocity profiles obtained for a water flow in a 8 nm frozen
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Figure 5: Snapshot of heptane flow (in orange and red) in a frozen water channel (in cyan).
Velocity and density profiles obtained from NEMD simulations for heptane (in orange) and
profile predicted by Navier-Stokes equations (in black) for flow in a channel of 8 nm-width
for F = −2.8443 kcal·(mol·Å)−1.

heptane channel. The total force applied on the water layer is F = 2.8443 kcal·(mol·Å)−1.

A snapshot of the simulation on which some water molecules have been coloured in green

in order to follow their motion is also presented in Fig. 6. The movie of this simulation is

available as SI. A Poiseuille flow is clearly observed. In this case also, MD profiles are fitted

with eq. 26. The slip length of water on frozen heptane bsw/h is deduced from the minimi-

sation of the deviation between the MD profile and the profile predicted by the continuous

model. The value obtained is bsw/h = 2.4 Å in the 8 nm channel for a total applied force

F = 2.8443 kcal·(mol·Å)−1. Like in the heptane case, other forces belonging to the linear
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regime are computed for both the 8 nm and the 12 nm channel. The slip lengths obtained

for all the forces computed in both channels are given as SI.

Molecular Dynamics
Navier-Stokes
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Figure 6: Snapshot of water flow (in cyan and green) in a frozen heptane channel (in orange).
Velocity and density profiles obtained from NEMD simulation for water (in blue) and profiles
predicted by Navier-Stokes equations (in black) for a flow in a channel of 8 nm width for
F = 2.8443 kcal·(mol·Å)−1.

For both heptane and water flows in a solid nanochannel, the velocity profiles obtained

are parabolic and correspond to the predicted curvature for all the forces computed. The

deviation of the hydrodynamic prediction from the MD simulation results is very small,

as can be seen by adding all the curves (see Figure 9). The viscosity of the liquid in the

channel is hence equal to that of the bulk within calculations uncertainties, and its behaviour
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can be predicted by the Stokes equation with slip boundary conditions. Removing the

results form the weakest force, the average slip length of liquid heptane on frozen water is

bsh/w = 1.36± 0.05 Å , and the average slip length of liquid water on frozen heptane bsw/h =

1.75 ±0.04 Å. For both water and heptane, the slip at the solid-liquid interface is very small.

Slip at solid-liquid interface has been known to decrease with charge density.23 It is also

influenced by temperature and can increase drastically in the case of super-cooled fluids.19

This result obtained for a solid/liquid interface shows that the rigidity of the ”frozen” surface

is likely to immobilize the molecules and reduce sliding, as we will now see by comparing

with the case where the two parts are fluid.

Two phase flow with liquid-liquid planar interface

In the liquid-liquid configuration, both water and heptane are liquid and in a periodic slab

configuration with planar liquid-liquid interfaces. The aim is here to assess the relevance of

continuous hydrodynamics models to describe the behaviour a liquid film trapped between

two layers of a non-miscible liquid. We also investigate the effects that switching from a

solid to a liquid interface may have on the slip. NEMD simulations are used to apply forces

in opposite directions on heptane and water. The forces have to compensate each other to

ensure stability of the simulation. Details of the simulations are provided in the Molecular

Dynamics section. Two configurations are studied : (1) a 8 nm heptane layer with a 8 nm

water layer, and (2) a 12 nm heptane layer with a 12 nm water layer. Two movies are

available as SI, one for each configuration. To visualise the flows, some water molecules have

been coloured in green and some heptane molecules in red. In both cases, Poiseuille flows in

opposite directions can be observed.

In this section we only present the velocity and density profiles obtained in the 8 nm/8 nm

configuration for a total force of F = 2.8443 kcal·(mol·Å)−1 applied on water and a total

force of F = −2.8443 kcal·(·Å)−1 applied on heptane. For the sake of simplicity, and since
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in each case the forces applied on the liquids compensate each other, F will refer as the

absolute value of the force applied on the corresponding liquid. Fig. 7 represents the afore-

mentioned profiles along with a snapshot of the simulation in which some heptane molecules

are coloured in red and some water molecules are coloured in green. This allows to visualise

the Poiseuille flows from the trajectory and clarify the comparison with the velocity profiles.

For the two studied configurations, four external force fields were computed. All velocity

and density profiles we obtained are available as SI.

Molecular Dynamics
Molecular Dynamics
Navier-Stokes
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Figure 7: Snapshot of Poiseuille flows in heptane (in orange and red) and water (in cyan and
green) for a total force F = ±2.8443 kcal·(mol·Å)−1 applied on each liquid. Velocity and
density profiles obtained from NEMD simulations for heptane (in orange) and for water (in
blue) and profiles predicted by Navier-Stokes equations (in black) for a system with 8 nm
layers.
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In all the cases we considered, the heptane and water profiles are parabolic and in opposite

directions, the curvatures obtained follow the predictions of the Poiseuille law. However, for

the continuous model to be consistent, the following relation must be satisfied:

rh =
bLh/w
ηh

=
bLw/h

ηw
= rw. (10)

The velocity profiles obtained from molecular dynamics simulations have been fitted from

the ones obtained by continuous hydrodynamics (Eq. (58)). In particular, slip lengths of

water on liquid heptane bLw/h and of heptane on liquid water bLh/w are fitted so that deviation

between the profiles resulting from Eq. 58 and the MD profiles is minimized. The ratio rw/rh

is then calculated. If this ratio is close to 1, it means that the condition given by Eq (10) is

accurate. Table (4) sums up all the slip lengths bLw/h and bLh/w obtained in each configuration

for all the forces computed, and the corresponding ratios rw/rh. The forces that were not

introduced in this paper are referred to as fractions of the force F .

Table 4: Slip lengths of water on liquid heptane blw/h and of heptane on liquid water blw/h and

corresponding ratios rw/rh obtained in the two configurations studied for all the computed
forces.

Layers 8 nm

Force F 2/3F 4/15F Average

blw/h (nm) 1.1 1.05 1.01 1.05 ± 0.05

blh/w (nm) 0.45 0.52 0.45 0.47 ± 0.05

rw/rh 1.2 0.99 1.1 1.1 ± 0.1

Layers 12 nm

Force F 2/3F 4/15F Average

blw/h (nm) 1.05 1.12 1.02 1.06 ± 0.06

blh/w (nm) 0.53 0.44 0.44 0.47 ± 0.06

rw/rh 0.97 1.25 1.14 1.12 ± 0.17

The size of the channel has no influence on the value of the slip lengths, and the response

of the system is linear in the considered range of force. Results obtained for the lowest
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force 2/15F were not taken into account in the average calculation because the correspond-

ing velocity profiles are too noisy. The average slip length of water on liquid heptane is

bLw/h = 1.05 ± 0.06 nm which is 5 to 6 times higher than that of water on frozen heptane.

Likewise, the average slip length of heptane on liquid water is bLh/w = 0.47±0.06 nm which is

3 times higher than that of heptane on frozen water. The slip lengths increase significantly

when switching from a solid-liquid configuration to a liquid-liquid one.

Knowing the respective viscosity and slip length of the two liquids, the ratio rw/rh has

been calculated to check the equality given by Eq.(10). With an average ratio rw/rh of 1.11

± 0.17, we can consider that the relation is well verified. This confirms that Stokes equation

is relevant for liquid-liquid in PBC with forces applied in opposite directions. Globally, all

the MD profiles can be satisfactorily reproduced for the two distances and for all forces.

Origin and consequences of slip

The relation between slip lengths can be understood from a simple microscopic analysis. The

friction coefficient between the two fluids or between a fluid and a solid wall can be obtained

from a Green-Kubo (GK) relation,12,61 e.g. for water on heptane:

λw =
ηw
bSw/h

=
1

AkBT

∫ +∞

0

⟨Ff (t).Ff (0)⟩eqdt, (11)

where Ff is the force between the two phases and A is the area of the interface. Globally the

application of such formula is delicate because, in the case of a confined fluid, the integral

diverges.62 This expression is not used here to calculate an explicit value of the friction

coefficient but to propose a rough estimate:13,21,24,63,64

∫ +∞

0

⟨Ff (t).Ff (0)⟩eqdt ≈ ⟨F 2
f ⟩τ, (12)
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where τ is the relaxation time given by the diffusion of fluid on a characteristic distance

inducing interactions between molecules σ; thus for water τw ≈ σ2
w/Dw with Dw the water

diffusion coefficient. The mean squared interaction force scales as ⟨F 2
f ⟩ = CNw

(
ϵw

σh+σw
2

)2

=

CρwAσw

(
ϵw
σ

)2
where σ = (σw + σh)/2. Nw and ρw are respectively the number and the

density of water molecules. C is a geometrical factor which increases with the roughness.

ϵw represents the interaction energy of one water molecule with the heptane wall. The GK

relation Eq.(11) leads to the following expression of the slip length of water on a rigid heptane

wall:

bSw/h =
ηwDwkBTσ

2

Cρwϵ2wσ
3
w

. (13)

Despite its simplicity, this approach gives the basic ingredients to understand the origin of

slip21,24 and a more systematic and accurate derivation leads to very similar results.13,14 A

symmetrical formula is obtained for the slip length of heptane on a rigid water wall. On

average, if the box size is big enough, ⟨F 2
w/h⟩ = ⟨F 2

h/w⟩ so that ρwϵ
2
wσw = ρhϵ

2
hσh and we

finally obtain:
bSw/h

bSh/w
=

ηwDwσ
2
h

ηhDhσ2
w

. (14)

In this work, the diffusion coefficient of heptane65 is Dh = 3.7×10−9 m2·s−1 and the diffusion

coefficient of water55 is Dw = 2.97 × 10−9 m2 ·s−1. These are bulk values taken in order

to propose an interpretation of the difference between the solid-liquid slip length and the

liquid-liquid slip length by modeling the different effects. The ratio Dwηw
Dhηh

which corresponds

to the ratio of the hydrodynamic diameters, is around 1.6. Therefore Eq.(14) is valid if

σw ≈ σh, which makes sense considering that we compare the sizes of rigid grouping in the

molecule (CH2 and O). Globally, the water slip length is larger than that of heptane simply

because the hydrodynamic diameter of water is smaller than the one of heptane.

A similar analysis can be done in the case of the liquid/liquid interface. First, it should

be noted that the GK formula automatically yields the link between the slip lengths of the
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two liquids
bL
h/w

ηh
=

bL
w/h

ηw
. The deviation between slip lengths is related to the relative diffusion

coefficient D = Dw+Dh. The characteristic length to consider is the average σ = σh+σw

2
and

the relaxation time reads τ = σ2

D
. Within these assumptions, the GK yields to the following

expression of the slip length of water:

bLw/h ≈ ηwkBT

Cρwσw

(
ϵw
σ

)2 σ2

D

=
ηwkBTD

Cρwσwϵ2w
=

Dσ2
w

Dwσ2
bSw/h. (15)

The geometry being similar to the solid/liquid case, σw ≈ σh ≈ σ. Therefore an enhancement

of slip is expected due to the diffusion term. Indeed, the friction coefficient λw is smaller

because the relative diffusion accelerates the relaxation of the interaction force so that the slip

length is higher. In our case, D/Dw ≈ 2.2 whereas the ratio of the slip lengths is bLw/h/b
S
w/h ≈

4.4. Thus, the fact that relative diffusion enhance diffusion, which reduces friction, explain

a part of the enhancement of the slip lengths. In addition to the enhanced diffusion due

to collective effects at the liquid/liquid interface, the relaxation of the interaction force

is also higher because the self-diffusion of each liquid at the interface is itself increased

compared to the situation where the wall is solid. The interface deformation possibilities in

the liquid/liquid case are indeed higher, which allows the local diffusion coefficients of the

two fluids to be increased. Thus it can be said that in a general way the increase in diffusion

for the liquid-liquid interface is probably the main reason for the increase in slip compared

to the case where the wall is solid.

Conclusions

We have shown that hydrodynamics models deriving from Stokes equation solved with slip

boundary conditions are relevant to describe the flow of heptane and water in solid chan-

nels of 8 nm and 12 nm widths. Slip lengths are deduced from the comparison between

the velocity profiles issued from the NEMD simulations and those predicted by continuous

hydrodynamics equations. Their values range from 1 to 2 Å , the slip at the solid-liquid
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interface is therefore very small but cannot be neglected.

We also modelled the flows in layers of heptane and water in periodic boundary condi-

tions. In that case also, the behaviour of the liquids can be described by the continuous

hydrodynamics model resulting from Stokes equation solved with slip boundary conditions.

Slip lengths are deduced from the fitting of the velocity profiles issued from NEMD simula-

tions with those predicted by the continuous hydrodynamics model. Slip lengths are greater

for a liquid/liquid interface than for a similar solid/liquid interface. The slip length of hep-

tane on water has an average value of 0.425 nm and the one of water on heptane is 1 nm.

The slip enhancement is probably mainly due to a diffusion enhancement for liquid-liquid

interfaces. The equality relating the respective slip length and viscosity of each liquids pre-

dicted by the continuous hydrodynamics model and by statistical mechanics is retrieved by

MD simulations.

To sum up, we demonstrate that molecular simulations are relevant to describe flow in

nanochannels as long as proper boundary conditions are taken into account. The prevailing

boundary conditions at a fluid/fluid interface are very different from the ones at a solid/liquid

interface. The relaxation of forces is faster because a fluid interface allows for faster diffusion

and because the diffusion is effective on both fluids. The friction is thus lower and the slip

greater.
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Appendix

Detailed hydrodynamics treatment

In the present study, the flow is at low Reynolds and is hence described by Stokes equation

which states:

η∆v −∇P + fv = 0, (16)

where η is the viscosity of the fluid, v is the velocity field in the flow, P the pressure,

and fv the force per unit of volume exerted on the fluid. The Stokes equation contains

four unknown parameters (vx, vy, vz, P ), yet Navier-Stokes only gives three equations. We

assume incompressible flow, which gives the additional equation:

div(v) = 0 (17)

The equations have to be resolved for the two configurations studied: solid-liquid and liquid-

liquid.

Case of a confined fluid

In the case of a confined liquid, the flow is described by eq.16. Regarding the boundary

conditions, we consider that there is a slip. Using the relation known as Navier’s condition

we have:

dv

dz
= −v

b
, (18)
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where b is the slip length. The laminar flow of a viscous fluid in a pipe is described by

Poiseuille’s law which relates the viscosity of the fluid to the flow velocity.

In the case of a flow in the x direction we have v = v(x, z)ex. Moreover, if we consider

the fluid incompressible then div(v) = dv/dx = 0, hence: v = v(z)ex. The Stokes equation

then becomes:

η
d2v

dz2
− dP

dx
+ fv = 0. (19)

At the nanoscale, the force density is small. Given the impossibility of directly simulating

pressure gradients in systems with PBC, NEMD generally replaces the −dP/dx pressure

gradient by a volume force fv of the same intensity. This is what we do:

η
d2

dz2
= −fv. (20)

After integration we get:

v =
−fv
2η

z2 + Az +B. (21)

It is necessary to determine the value of A and B. The symmetry of the system gives A = 0.

B depends on the boundary conditions. If there is a slip, Navier’s condition yields:

dv

dz
=

v

b
, (22)

so that:

−fv
η
z = − fv

2ηb
z2 +

B

b
. (23)

The slip being in z = L/2, we obtain:

−fvL

2η
= −fvL

2

8ηb
+

B

b
, (24)
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which yields:

B = −fvLb

2η
+

fvL
2

8η
=

fv
2η

(
L2

4
− Lb

)
. (25)

The expression of the fluid velocity in a channel of width L has a parabolic form:

v = − fv
2η

(
z2 + Lb− L2

4

)
. (26)

Case of two fluids with forces in opposite directions

The stability in NEMD simulations is guaranteed by the compensation of the forces applied

on each liquid. Thus we have:

∫
L1

f1dz −
∫
L2

f2dz = 0. (27)

The flows follow Stokes’ equation. The solution is:

 v1 = − f1
2η1

z2 + A1z +B1

v2 = f2
2η2

z2 + A2z +B2

(28)

We study the configuration with slip, hence the boundary conditions gives (if z is oriented

from the interface to the fluid):

δv

δz
=

v

b
, (29)

where v is the velocity with respect to the interface and b the slip length of the fluid at the

interface. Each fluid is different from the other and therefore has its own slip length b1 and

b2. For the geometry we considered, we have at the middle-interface:

δv1
δz

=
v1 − v2

b1
and − δv2

δz
=

v2 − v1
b2

. (30)
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This gives for liquid 1:

−f1
η1
z1 + A1 = − f1

2b1η1
z21 +

A1

b1
z1 +

B1

b1
− f2

2η2b1
z22 −

A2

b1
z2 −

B2

b1
. (31)

Thus, at the intermediate interface that is for z1 = −L1/2 and z2 = L2/2 we have:

f1L1

2η1
+ A1 = − f1L

2
1

8η1b1
− A1L1

2b1
+

B1

b1
− f2L

2
2

8η2b1
− A2L2

2b1
− B2

b1
. (32)

The boundary conditions also give for liquid 2:

−f2
η2
z2 − A2 =

f2
2η2b2

z22 +
A2

b2
z2 +

B2

b2
+

f1
2η1b2

z21 −
A1

b2
z1 −

B1

b2
, (33)

which yields in z1 = −L1/2 and z2 = L2/2:

−f2L2

2η2
− A2 =

f2L
2
2

8η2b2
+

A2L2

2b2
+

B2

b2
+

f1L
2
1

8η1b2
+

A1L1

2b2
− B1

b2
. (34)

The slip boundary conditions can also be applied at the bottom (or upper) interface, and

give:

−δv1
δz

=
v1 − v2

b1
and

δv2
δz

=
v2 − v1

b2
. (35)

Thus, for liquid 1:

f1
η1
z1 − A1 = − f1

2b1η1
z21 +

A1

b1
z1 +

B1

b1
− f2

2η2b1
z22 −

A2

b1
z2 −

B2

b1
. (36)

We then have at the bottom (or upper) interface for z1 = L1/2 and z2 = −L2/2:

f1L1

2η1
− A1 = − f1L

2
1

8η1b1
+

A1L1

2b1
+

B1

b1
− f2L

2
2

8η2b1
+

A2L2

2b1
− B2

b1
. (37)
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The same conditions yield for liquid 2:

f2
η2
z2 + A2 =

f2
2η2b2

z22 +
A2

b2
z2 +

B2

b2
+

f1
2η1b2

z21 −
A1

b2
z1 −

B1

b2
. (38)

So in z1 = L1/2 and z2 = −L2/2:

−f2L2

2η2
+ A2 =

f2L
2
2

8η2b2
− A2L2

2b2
+

B2

b2
+

f1L
2
1

8η1b2
− A1L1

2b2
− B1

b2
. (39)

For the resolution, (32) − (37) yields:

−2A1 = −A1L1

b1
− A2L2

b1
. (40)

Also (39) − (34) yields:

2A2 = −A2L2

b2
− A1L1

b2
. (41)

We deduce A1 = A2 = 0. The next operation b1× (37) +b2× (39) yields:

b1f1L1

2η1
− b2f2L2

2η2
= 0. (42)

Also for (32) and (34), the operation b1× (32) + b2× (34) yields:

b1f1L1

2η1
− b2f2L2

2η2
= 0. (43)

The same condition is obtained. With slip, a stationary regime is obtained only if the

condition given by (43) is verified. In NEMD simulations, forces applied on the liquids

compensate each other to ensure stability: f1L1 = f2L2, we then have:

b1
η1

=
b2
η2
. (44)

26



We deduce that (32) and (34) are equivalent and:

f1L1

2η1
= − f1L

2
1

8η1b1
− f2L

2
2

8η2b1
+

B1 −B2

b1
. (45)

With f1L1 = f2L2 = fL and b1/η1 = b2/η2 = b/η, we then have:

B1 −B2 =
bfL

2η
+

fLL1

8η1
+

fLL2

8η2
. (46)

Hence:

B1 −B2 =

(
b

2η
+

L1

8η1
+

L2

8η2

)
fL. (47)

With b = 0, we obtain the non slip configuration. We obtain the same equation from eq. (37)

or eq. (39). We introduce a velocity v0:

B1 −
f1L

2
1

8η1
− bfL

4η
= B2 +

f2L
2
2

8η2
+

bfL

4η
= v0. (48)

We can then write:  v1 = f1
2η1

((
L1

2

)2 − z2
)
+ bfL

4η
+ v0

v2 = − f2
2η2

((
L2

2

)2 − z2
)
− bfL

4η
+ v0

(49)

In the case where the average velocity is zero we have:

∫ L1/2

−L1/2

(
ρ1f1
2η1

((
L1

2

)2 − z2
)
+ b1f1L1ρ1

4η1
+ v0ρ1

)
dz

+
∫ L2/2

−L2/2

(
−ρ2f2

2η2

((
L2

2

)2 − z2
)
− b2f2L2ρ2

4η2
+ v0ρ2

)
dz = 0

(50)

Which gives:

f1L
3
1ρ1

12η1
+

ρ1b1f1L
2
1

4η1
+ v0L1ρ1 −

f2L
3
2ρ2

12η2
− ρ2b2f2L

2
2

4η2
+ v0L2ρ2 = 0. (51)

Finally:

v0 =

(
ρ2L

2
2

12η2
− ρ1L

2
1

12η1
− bL1ρ1

4η
+

bL2ρ2
4η

)
fL

ρ1L1 + ρ2L2

. (52)
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We can then write v1 and v2 with:

v̄ =

(
L2
2ρ2

12η2
− L2

1ρ1
12η1

)
fL

ρ1L1 + ρ2L2

. (53)

We then get:

 v1 = f1
2η1

((
L1

2

)2 − z2
)
+ v̄ + bLf

4η

(
1 + L2ρ2−L1ρ1

ρ1L1+ρ2L2

)
v2 = − f2

2η2

((
L2

2

)2 − z2
)
+ v̄ − bLf

4η

(
1 + L1ρ1−L2ρ2

ρ1L1+ρ2L2

)
.

(54)

Regarding the slip at the interfaces, we have:

v1 − v2 =
f1L

2
1

8η1
+

f2L
2
2

8η2
− f1

2η1
z21 −

f2
2η2

z22 +
bLf

2η
. (55)

Which gives at the middle-interface z1 = −L1/2 and z2 = L2/2:

v1 − v2 =
bfL

2η
. (56)

We also find this expression at the bottom (or upper) interface in z1 = L1/2 and z2 = −L2/2.

We can interpret the velocity gradient v1 − v2 by a slip velocity vg:

vg = v1 − v2 =
b

2η
fL. (57)

The final expression of the flow in each liquid is:

 v1 = f1
2η1

((
L1

2

)2 − z2
)
+ v̄ +

(
1 + L2ρ2−L1ρ1

ρ1L1+ρ2L2

)
vg
2

v2 = − f2
2η2

((
L2

2

)2 − z2
)
+ v̄ −

(
1 + L1ρ1−L2ρ2

ρ1L1+ρ2L2

)
vg
2

(58)

With:

v̄ =

(
ρ2L

2
2

12η2
− ρ1L

2
1

12η1

)
fL

ρ1L1 + ρ2L2

. (59)
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We thus have two Poiseuille flows in opposite directions and a global term which depends

on the reference frame.

Linearity and slip lengths obtained

Liquid flow in a solid nanochannel

Fig. 8 represents the force-linearised velocity profiles obtained for both heptane and water

flowing through channels of 8 nm and 12 nm for the four forces considered in each case. We

can see that the response of the system is linear and that the velocity of the particles in

the liquid is proportional to the force we applied on them. We can also see that the flows

in heptane and water are in opposite directions. This intended for consistency with the

liquid-liquid configuration.

Fig. 9 represents the force-linearised velocity profiles obtained for both heptane and water

flowing through channels of 8 nm for the forces F4 to F2. The hydrodynamic prediction is

also represented. As all profiles overlap, there is no significant changes in viscosity. The

viscosity in the liquid is therefore close to that of the bulk.

The values of slip lengths of heptane on frozen water bSh/w and of water on frozen hep-

tane bSw/h obtained in each case are reported in Table 5. The values of the forces are listed

in Table 3 and Table 2. We can see that for both water and heptane, the slip lengths are

of the order of a few angströms. That means that both liquids barely slip on the solid channel.

Table 5: Slip length of liquid heptane on frozen water bSh/w and of water on frozen heptane

bSw/h obtained for different forces and channel widths. Av. : Average.

Channel 8 nm 12 nm
Force F4 F3 F2 F4 F3 F2 Av.

bSh/w (nm) 0.22 0.10 0.18 0.13 0.11 0.08 0.136 ± 0.05

bSw/h (nm) 0.24 0.13 0.19 0.13 0.17 0.19 0.175 ± 0.04
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Figure 8: Force-linearised velocity profiles obtained for: (top) heptane flowing through a
frozen water channel of witdh (a) 8 nm and (b) 12 nm, and (bottom) water flowing through
a channel of (a) 8 nm and (b) 12 nm.

Two phase flow with liquid-liquid planar interface

Fig. 10 represents the force-linearised velocity profiles for the 8 nm/8 nm configuration and

the 12 nm/12 nm configuration for the four forces considered in each case. We can see that

the velocity of the particles in the liquid are proportional to the force applied on them in

both liquid and in each configuration. The response of the system is therefore linear in the

range of forces considered.
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Figure 9: Force-linearised velocity profiles obtained for (left) heptane flowing through a
frozen water channel of 8 nm and (right) water flowing through 8 nm for F4 (orange), F3

(red) and F2 (purple) and hydrodynamics prediction (black).
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Figure 10: Force-linearised profiles obtained for the 8 nm/8 nm configuration (a) and the
12 nm/12 nm configuration (b).

Velocity and density profiles

This section provides the velocity and density profiles obtained in each case considered.
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Figure 11: Velocity and density profiles obtained from MDS (in orange) and velocity fitted
from Navier-Stokes equation (in black) for systems with heptane layer of 8 nm for the forces
F4 (a), F3 (b), F2 (c) and F1 (d) given in Table 2.
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Figure 12: Velocity and density profiles obtained from MDS (in orange) and velocity fitted
from Navier-Stokes equation (in black) for systems with heptane layer of 12 nm for the forces
F4 (a), F3 (b), F2 (c) and F1 (d) given in Table 2.
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Figure 13: Velocity and density profiles obtained from MDS (in blue) and velocity fitted
from Navier-Stokes equation (in black) for systems with water layer of 8 nm for the forces
F4 (a), F3 (b), F2 (c) and F1 (d) given in Table 3.
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Figure 14: Velocity and density profiles obtained from MDS (in blue) and velocity fitted
from Navier-Stokes equation (in black) for systems with water layer of 12 nm for the forces
F4 (a), F3 (b), F2 (c) and F1 (d) given in Table 3.
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Figure 15: Velocity and density profiles obtained from MDS heptane (in orange) and for
water (in blue) and velocity fitted from Navier-Stokes equations (in black) for a system with
layers of 8 nm for forces F4 (a), F3 (b), F2 (c) and F1 (d) given in Table ??.36
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Figure 16: Velocity and density profiles obtained from MDS heptane (in orange) and for
water (in blue) and velocity fitted from Navier-Stokes equations (in black) for a system with
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