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A general expression for size quantization in colloidal quantum dots

While initial theories on quantum confinement in colloidal quantum dots (QDs) led to analytical band-gap/size relations, numerical methods turned out to be more accurate to describe size quantization. However, to obtain reliable sizing functions, researchers fit experimental band-gap/size datasets using models with redundant, physically meaningless parameters that break down upon extrapolation. Here, we propose a new analytical band-gap/size relation based on a proportional correction for non-parabolic bands. Using known bulk semiconductor parameters, we accurately predict size quantization for group IV, III-V, II-VI, IV-VI and metal halide perovskite semiconductors, including straightforward adaptations for negative-gap semiconductors and non-spherical QDs. Refinement with respect to experimental data is possible using the Bohr diameter as a fitting parameter, which was used to identify a statistically relevant difference in band-gap/size relation for wurtzite and zinc blende CdSe. The generic sizing function proposed here should unify QD size calibration, and enable researchers to assess bulk semiconductor parameters and predict size quantization in unexplored materials.

Size quantization in semiconductor nanocrystals or quantum dots (QDs) is often introduced by means of sizing functions, such as the equations proposed by Efros and Efros, and Brus, which express the band gap as a function of the QD size using characteristic properties of the bulk semiconductor 1-3 . While conceptually appealing, such analytical sizing functions have been replaced for many years by more accurate, numerically-calculated relations based on effective mass or atomistic methods. However, the use of band gap/size relations in QD research goes well beyond the assessment of theoretical models on size quantization. Advanced methods for QD synthesis, studies on nucleation and growth, quantitative optical spectroscopy on QDs, the formation and simulation of QD-based devices or the assessment of QD toxicity all require accurate QD size or concentration determination. Sizing QDs by direct imaging using transmission electron microscopy (TEM) is time-consuming and can be difficult for QDs smaller than 5 nm which lack image contrast. The more convenient method derives the mean QD diameter from the size-dependent optical band gap of a QD sample, which can be obtained within minutes using a routine UV-vis spectrometer. Nowadays, calibration or sizing curves that allow calculating sizes from band gaps are available for a wide range of QDs, often in good agreement with numerically calculated relations.

 , or by adding a size-dependent function, such as the inverse of a 2 nd order polynomial, to the bulk band-gap energy (Eg), see Supporting Information, Section S1 6-9 . These mathematical formulas can give excellent fits to a given band gap/size dataset, as previously reported for cadmium 4-7 and lead 8,9 chalcogenide QDs, but a variety of other formulas do so as well (Supporting Information, Section S1). However, extrapolations based on these sizing curves can differ wildly, yielding highly unphysical results, and fitting parameters have no obvious relation to the properties of the corresponding bulk semiconductor. Hence, even after 40 years of QD

research, there is a need for an analytical sizing function that relates the QD band gap and size in terms of meaningful parameters and allows for extrapolating the experimental dataset at hand.

Here, we propose a new, semi-empirical expression to describe size quantization for a broad range of semiconductor QDs through a single fitting parameter. The gist of our approach is a correction of the impact of non-parabolic energy bands on the QD band gap. By testing the resulting sizing curve for CdX and PbX (X=S,Se), we can relate the fitting parameter to bulk semiconductor characteristics. The resulting parameter-free sizing function yields an excellent prediction of size-quantization in additional II-VI (CdTe, HgTe), III-V (InP), IV (Si) groups and metal halide perovskite (CsPbBr3) QDs. In the case of PbTe, the prediction deviates somewhat from experimental data. Since such deviations may arise from ill-known Bohr diameters, we propose a generic function to fit band gap/size datasets using the Bohr diameter as the sole adjustable parameter. This semi-empirical sizing function can unify QD size calibration, and enable researchers to assess bulk semiconductor parameters and predict size quantization in unexplored materials. We highlighted this by demonstrating a statistically relevant difference in the band gap/size relation of wurtzite and zinc blende CdSe.

A semi-empirical QD sizing function

To establish a possible relation between the band gap 𝐸 1 and the diameter 𝑑 for colloidal QDs, we expressed 𝐸 1 as an implicit function of 𝑑 through the following relation:

𝐸 1 (𝑑) = 𝐸 0 + 𝐹(𝐸 1 )𝑓(𝑑) (1) 
where 𝐸 0 represents the bulk optical band gap, i.e. the difference between the single-particle gap 𝐸 𝑔 and the exciton binding energy 𝐸 𝑒𝑥 , 𝑓(𝑑) is a to-be-specified dimensionless function of the diameter that expresses the effect of size quantization, and 𝐹(𝐸 1 ) is a function with a unit of energy that corrects empirically the influence of non-parabolic energy bands on size quantization. Since non-parabolic bands increasingly temper size quantization with decreasing size, we wrote 𝐹(𝐸 1 ) as a fixed fraction of the ratio between the bulk optical gap 𝐸 0 and the actual optical gap 𝐸 1 :

𝐹(𝐸 1 ) = 𝐸 𝑓𝑖𝑡 𝐸 0 𝐸 1 (𝑑) (2) 
where 𝐸 𝑓𝑖𝑡 is a fitting parameter with units of energy. Using Eqs 1 and 2, 𝐸 1 (𝑑) can be written explicitly as:

𝐸 1 (𝑑) = 1 2 [𝐸 0 + √𝐸 0 2 + 4𝐸 0 𝐸 fit 𝑓(𝑑)] (3) 
Finally, we developed an expression for the function 𝑓(𝑑) based on the considerations that (i) 𝐸 1 (𝑑) should approach 𝐸 0 for large sizes, and (ii) 𝑓(𝑑) should describe strong quantization for parabolic bands for small sizes:

lim 𝑑→∞ 𝑓(𝑑) = 0 lim 𝑑→0 𝑓(𝑑) = 𝑑 0 2 𝑑 2 (4) 
Moreover, (iii) by taking the exciton Bohr diameter 𝑑 0 as the size where 𝑓(𝑑) changes from large to small size behavior, we wrote 𝑓(𝑑) as:

𝑓(𝑑) = 𝑒 - 𝑑 𝑑 0 (1 -𝑒 - 𝑑 𝑑 0 ) 2 (5) 
Combining Eqs 3 and 5 then yields the relation between size and band gap that formed the starting point of this study: We evaluated the suitability of Eq 6 to describe the band gap/size relation of QDs by fitting previously published datasets for CdS, CdSe, PbS and PbSe QDs (Figure 1). Sizes were obtained by small angle xray scattering (SAXS), [START_REF] Maes | Size and Concentration Determination of Colloidal Nanocrystals by Small-Angle X-ray Scattering[END_REF] which is a reliable and reproducible ensemble technique for sizing nanocrystals down to the nanometer length scale with little user-bias [START_REF] Li | Small Angle X-ray Scattering for Nanoparticle Research[END_REF][START_REF] Pauw | Nanoparticle size distribution quantification: results of a small-angle X-ray scattering inter-laboratory comparison[END_REF] . Using known physical properties of the materials (Table 1), and considering 𝐸 𝑓𝑖𝑡 as the only adjustable parameter of Eq 6, excellent fits to these datasets were obtained (Figure 1). For consistency, Bohr diameters 𝑑 0 were systematically calculated based on published effective masses and using the high-frequency dielectric constant 𝜀 ∞ of the material (Supporting Information, Section S2). Since quantization energies exceed typical phonon energies, we deemed 𝜀 ∞ more appropriate than the static 𝜀 𝑠 to describe dielectric screening. However, as described later, the goodness of fit is independent of this choice. a results from fitting all CdSe data, including both polymorphs (Figure 1b). b reported value for wurtzite structure. c average between zinc blende and wurtzite values.

𝐸 1 (𝑑) = 1 2 [𝐸 0 + √ 𝐸 0 2 + 4𝐸 0 𝐸 fit 𝑒 - 𝑑 𝑑 0 [1 -𝑒 - 𝑑 𝑑 0 ] -2 ] (6) 
d for 𝑑 0 determination, see Supporting Information, Section S2.

A Parameter-Free Prediction of Size Quantization Considering the optimal values for 𝐸 𝑓𝑖𝑡 for CdX and PbX listed in Table 1, it appears that larger Bohr diameters concur with smaller 𝐸 𝑓𝑖𝑡 values. As outlined in Supporting Information, Section S3, an expression for 𝐸 𝑓𝑖𝑡 can be obtained by using the sizing function for parabolic bands as a calibration reference, which indeed results in the anticipated 1 𝑑 0 ⁄ scaling:

𝐸 𝑓𝑖𝑡 = 𝛼2𝜋 2 𝑅 𝑦 𝑎 0 𝜀 ∞ 𝑑 0 (7) 
Here, 𝑅 𝑦 is the Rydberg unit of energy (13.606 eV) and 𝑎 0 is the Bohr radius of hydrogen (0.053 nm), while α is an adjustable parameter that compensates for approximations made in the calibration procedure. In view of Eq 7, Figure 2 represents 𝐸 𝑓𝑖𝑡 as determined for CdS, CdSe, PbS and PbSe QDs (see Table 1) as a function of 1 𝜀 ∞ 𝑑 0 ⁄ . One sees that a linear dependence is obtained over the more than two orders of magnitude spanned by the data, and a linear regression yields 𝛼 = 0.7, a result highlighting that a single, material-independent correction factor enables us to describe 𝐸 𝑓𝑖𝑡 in terms of known material-dependent quantities.

With a single correction factor 𝛼, the combination of Eq 6 and 7 yields a parameter-free expression of the optical band gap as a function of 𝐸 0 , 𝜀 ∞ , and 𝑑 0 : Eq 8 should predict sizing curve of QDs without reference to experimental data. To test this hypothesis, we calculated the size-dependent optical gap using published data for the optical gap, effective masses and high frequency dielectric constants for 6 different semiconductors, and compared the outcome with size/band-gap datasets found in the literature. Figure 3 and Table 2 summarize these results.

𝐸 1 (𝑑) = 1 2 [𝐸 0 + √ 𝐸 0 2 + 8𝐸 0 𝛼𝜋 2 𝑅 𝑦 𝑎 0 𝜀 ∞ 𝑑 0 𝑒 - 𝑑 𝑑 0 [1 -𝑒 - 𝑑 𝑑 0 ] -2 ] (8) 
We first completed the CdX and PbX families with CdTe and PbTe QDs, comparing predictions with datasets from Kamal et al. [START_REF] Kamal | Size-Dependent Optical Properties of Zinc Blende Cadmium Telluride Quantum Dots[END_REF] for CdTe, and from Peters et al. [START_REF] Peters | Absorption Coefficient, Surface Chemistry, and Aliphatic Chain Structure of PbTe Nanocrystals[END_REF] and Murphy et al. [START_REF] Murphy | Colloidal Nanocrystals: Synthesis, Characterization, and Multiple Exciton Generation[END_REF] for PbTe. As shown in Figure 3a-b, agreement between prediction and experiment is almost perfect for CdTe. In the case of PbTe QDs, our theory underestimates sizes by 1-2 nm. Possibly, the correction for non-parabolic bands reaches a limit for this extreme case of a low effective mass, high 𝜀 ∞ material. Moving to InP, a III-V semiconductor that currently attracts high interest as a Cd-free material for display and lighting technologies, we again excellent agreement with datasets for quasi-spherical QDs reported by Fu et al. [START_REF] Fu | InP quantum dots: Electronic structure, surface effects, and the redshifted emission[END_REF] and Micic et al. [START_REF] Micic | Synthesis and Characterization of InP Quantum Dots[END_REF][START_REF] Mićić | Highly efficient band-edge emission from InP quantum dots[END_REF] , and for yet unpublished data obtained from TEM analysis (see Supporting Information, Section S4) [START_REF] Ministro | A study on the synthesis and the optical properties of InP-based quantum dots Master of Science in Chemistry thesis[END_REF] . Similar agreement was found in the case of Si QDs, an indirect-gap semiconductor for which we used the dataset published by Yu et al. [START_REF] Yu | Size-Dependent Photoluminescence Efficiency of Silicon Nanocrystal Quantum Dots[END_REF] , see Figure 3d. In this case, the optical gap is retrieved from emission spectra, and we limited the comparison to the size range were emission efficiency is not affected by the nanocrystal size (i.e., 𝑑 > 3 nm) as reported by the authors [START_REF] Yu | Size-Dependent Photoluminescence Efficiency of Silicon Nanocrystal Quantum Dots[END_REF] .

To further test Eq 8 as a parameter-free expression for the optical band gap, we extended our study to HgTe QDs, for which the corresponding bulk semiconductor has a negative band gap, and CsPbBr3 QDs with a cubic shape. In the case of HgTe, we adapted Eq 8 by (i) using the absolute value of the negative gap |𝐸 0 | to determine deviations from non-parabolic behavior and (ii) realizing that the measured gap will extrapolate to 0 eV (see Supporting Information, Section S5). As a result, the optical gap of HgTe QDs is predicted by:

𝐸 1 (𝑑) = 1 2 [𝐸 0 + √ 𝐸 0 2 + 8|𝐸 0 |𝛼𝜋 2 𝑅 𝑦 𝑎 0 𝜀 ∞ 𝑑 0 𝑒 - 𝑑 𝑑 0 [1 -𝑒 - 𝑑 𝑑 0 ] -2 ] (9) 
A very good agreement is obtained with size/band gap datasets from Kovalenko et al. [START_REF] Kovalenko | Colloidal HgTe Nanocrystals with Widely Tunable Narrow Band Gap Energies: From Telecommunications to Molecular Vibrations[END_REF] , Lhullier et al. [START_REF] Lhuillier | Optical properties of HgTe colloidal quantum dots[END_REF] , Keuleyan et al. [START_REF] Keuleyan | Mercury Telluride Colloidal Quantum Dots: Electronic Structure, Size-Dependent Spectra, and Photocurrent Detection up to 12 μm[END_REF] , and Goubet et al. [START_REF] Goubet | Terahertz HgTe Nanocrystals: Beyond Confinement[END_REF] (Figure 3e). The notation |𝐸 0 | is used systematically hereafter for a generalized expression, suitable for both positive and negative band gap materials. For CsPbBr3 QDs, we adjusted Eq 8 for the impact of shape on the confinement energy by comparing size quantization for parabolic bands in cubes with edge length 𝐿 and spheres with diameter 𝑑. Setting 𝐸 𝑄,𝑠𝑝ℎ𝑒𝑟𝑒 = 2𝜋 2 ℏ 2 𝑚𝑑 2 ⁄ equal to 𝐸 𝑄,𝑐𝑢𝑏𝑒 = 3𝜋 2 ℏ 2 2𝑚𝐿 2 ⁄ , we can link the edge length to an equivalent diameter 𝑑 𝑒𝑞 = (2 √3 ⁄ )𝐿. By interpreting 𝑑 in Eq 8 as 𝑑 𝑒𝑞 , we find an almost perfect agreement between the predicted optical gap and the optical gap of CsPbBr3 cube-shaped QDs as reported by Maes et al. [START_REF] Maes | Light Absorption Coefficient of CsPbBr3 Perovskite Nanocrystals[END_REF] (Figure 3f). The predictive power of Eq 8 may also be used to assess the properties of bulk semiconductors, and sort out diverging reported values for the same parameter. For instance, in Figure 3 for CsPbBr3 we used the bulk optical band gap value (E0 = 2.38 eV) reported by Mannino et al. [START_REF] Mannino | Temperature-Dependent Optical Band Gap in CsPbBr3, MAPbBr3, and FAPbBr3 Single Crystals[END_REF] , which was determined based on the critical point analysis method. This value gives particularly good predictions of the optical band gap whereas another value reported in earlier work [START_REF] Dirin | Solution-Grown CsPbBr3 Perovskite Single Crystals for Photon Detection[END_REF] results in predictions that deviates significantly from the experimental dataset (see Supporting Information, Section S6). 

A generic sizing curve -the Bohr diameter as a fitting parameter

In spite of the very different nature of the tested materials, Figure 3 shows very good, if not perfect, agreements between the predicted and experimental optical band-gap energies. The sole significant deviations are observed for PbTe QDs, a material that may test the limits of the proposed correction for non-parabolicity. This consistency is underscored by fitting Eq 6 to the experimental datasets (Figure 3). The resulting 𝐸 𝑓𝑖𝑡 values agree with the initial trend line derived from the CdX and PbX reference datasets, see Figure 2 and Table 2. Moreover, a linear fit to this extended dataset confirms the value of 0.7 for the correction coefficient α. We note that a similar pre-factor of 0.71 was previously calculated theoretically and implemented in the very first expression of size quantization in semiconductors by Efros et al. [START_REF] Efros | Interband absorption of light in a semiconductor sphere[END_REF] to take into account the size dispersion of the nanocrystals based on a Lyfshitz-Slyosov size distribution. Alternatively, this factor could absorb deviations related to implicit approximation in our approach, see Supporting Information, Section S2.

Notwithstanding the potential of Eq 8 as a parameter-free size function, the bulk parameters the equation depends on are not always accurately known. This holds true in particular for the Bohr diameter 𝑑 0 . We estimated 𝑑 0 based on effective masses and the high frequency dielectric constant, which both have experimental uncertainties. For accurately sizing QDs starting from a measured optical gap, a further refinement of the Bohr diameter is therefore recommended. To this end, we adapted Eq 8 by replacing 𝑑 0 by an adjustable parameter 𝑑 𝑓𝑖𝑡 , giving:

𝐸 1 (𝑑) = 1 2 [𝐸 0 + √ 𝐸 0 2 + 8|𝐸 0 |𝛼𝜋 2 𝑅 𝑦 𝑎 0 𝜀 ∞ 𝑑 𝑓𝑖𝑡 𝑒 - 𝑑 𝑑 𝑓𝑖𝑡 [1 -𝑒 - 𝑑 𝑑 𝑓𝑖𝑡 ] -2 ] (10) 
Using the different experimental datasets, we adjusted 𝑑 𝑓𝑖𝑡 to obtain the best interpolation using Eq 10 while keeping 𝛼 = 0.7, see Supporting Information, Section S7. As can be seen in Table 1 and 2, the optimal 𝑑 𝑓𝑖𝑡 closely agrees with the calculated Bohr diameter for most datasets, a point confirming the good parameter-free prediction of optical gaps provided by Eq 8. Conveniently, Eq 10 can be reexpressed as a relation giving the diameter 𝑑 as a function of the optical gap 𝐸 1 :

𝑑(𝐸 1 ) = 𝑑 fit 𝑙𝑛 𝑥(𝐸 1 ) + 1 𝑥(𝐸 1 ) -1 𝑤𝑖𝑡ℎ 𝑥(𝐸 1 ) = √1 + 2𝜀 ∞ 𝑑 𝑓𝑖𝑡 𝐸 1 (𝐸 1 -𝐸 0 ) 𝛼𝜋 2 𝑅 𝑦 𝑎 0 |𝐸 0 | (11) 
Using the parameters listed in Tables 1 and2, Eq 11 yields the QD diameter directly from the measured optical gap. For new materials without sufficient dataset to be fitted with Eq 10, one can still use Eq 11 to estimate the nanocrystal diameters from the measured optical band gap by replacing 𝑑 𝑓𝑖𝑡 with reported or calculated 𝑑 0 values based on effective masses and the high frequency dielectric constant.

A particular aspect of the analysis presented here, is that predictions using Eq 8 or fittings using Eq 10 consistently relies on the high frequency dielectric constant. Interestingly, highly similar results are obtained when using the static dielectric constants throughout, see Supporting Information, Section S8. This outcome can be understood by considering Eq 8 in the limit of strong size quantization (𝑑 ≪ 𝑑 0 ), which yields a limiting expression independent of the dielectric constant. Hence, our approach does not settle the debate on what dielectric constant -static or high-frequency -is appropriate to calculate exciton Bohr diameters in QDs but consistent combinations of dielectric constant and Bohr radius are used to predict optical gaps using Eq 8.

Optical gap analysis -zinc blende and wurtzite CdSe

A model function that relies on a single fitting parameter does not have any redundant parameter. This greatly facilitates the analysis of statistically relevant differences between datasets. We used this aspect of Eq 10 to assess possible subtle differences in sizing behavior related to the two different polymorphs of CdSe: zinc blende and wurtzite. It is well known that both cubic zinc blende (zb-CdSe) or a hexagonal wurtzite (wz-CdSe) CdSe can be formed by colloidal synthesis. However, due to small crystallite sizes, discriminating zb-CdSe from wz-CdSe QDs using powder X-ray diffraction (XRD) is not straightforward [START_REF] Murray | Synthesis and characterization of nearly monodisperse CdE (E = sulfur, selenium, tellurium) semiconductor nanocrystallites[END_REF] . Moreover, both polymorphs may coexist in the same QD sample and single CdSe QDs may show zinc blende/wurtzite stacking faults [START_REF] Wu | Fine-tuning the crystal structure of CdSe quantum dots by varying the dynamic characteristics of primary alkylamine ligands[END_REF] . To obtain a well-defined band gap/size dataset for both polymorphs, we therefore synthesized several CdSe QD samples using synthesis protocols [START_REF] Flamee | Fast, High Yield, and High Solid Loading Synthesis of Metal Selenide Nanocrystals[END_REF][START_REF] Carbone | Synthesis and Micrometer-Scale Assembly of Colloidal CdSe/CdS Nanorods Prepared by a Seeded Growth Approach[END_REF] , known to produce rather pure crystal phases (see experimental section for synthesis details). For both synthesis methods, we prepared a series of CdSe QDs with optical band-gaps ranging from 2.0 to 2.6 eV, see Figure 4a,b. Representative TEM micrographs and XRD patterns of these samples are provided in Supporting Information, Section S9.

Interestingly, zb-and wz-CdSe QDs feature markedly different absorption spectra. In particular, the energy separation between the second and first excitonic transitions (E 2 -E 1 ) is larger for zb-CdSe than for wz-CdSe QDs [START_REF] Wu | Fine-tuning the crystal structure of CdSe quantum dots by varying the dynamic characteristics of primary alkylamine ligands[END_REF][START_REF] Mahler | Ligand-Controlled Polytypism of Thick-Shell CdSe/CdS Nanocrystals[END_REF][START_REF] Mohamed | Synthesis of High Quality Zinc Blende CdSe Nanocrystals[END_REF] . We determined this splitting energy for all CdSe samples, and obtained two distinct trend lines that us to classify each sample as zb-or wz-CdSe (Figure 4c). For completeness, we also report in Figure 4c data corresponding to the CdSe reference set we used in Figure 1 [START_REF] Maes | Size and Concentration Determination of Colloidal Nanocrystals by Small-Angle X-ray Scattering[END_REF] . In this case, the E2-E1 trend suggests that these QDs consist of a mixture of zb-CdSe and wz-CdSe rather than pure zb-CdSe, as was originally stated. This is consistent with the use of amine and phosphine reactants in that synthesis [START_REF] Čapek | Synthesis of Extremely Small CdSe and Bright Blue Luminescent CdSe/ZnS Nanoparticles by a Prefocused Hot-Injection Approach[END_REF] , which may have resulted in some wz-CdSe fraction as well [START_REF] Mahler | Ligand-Controlled Polytypism of Thick-Shell CdSe/CdS Nanocrystals[END_REF][START_REF] Gao | Crystal Structure Control of CdSe Nanocrystals in Growth and Nucleation: Dominating Effects of Surface versus Interior Structure[END_REF] . In the size range 2.5-5 nm (𝐸 1 = 2.1-2.8 eV), which covers most of the potential applications and interests for CdSe QDs, this difference translates in zb-CdSe QDs being about 0.3 nm larger than wz-QDs for a given optical gap. This difference can have a significant impact on, for example, concentration determinations. Even so, a single generic sizing curve for CdSe QDs can be more relevant in practice given the difficulty to determine the actual crystal structure of CdSe QDs, the high likelihood of obtaining mixed polymorphs and the albeit small difference in size between the polymorphs. To this end, we fitted the complete dataset of CdSe QDs using the average between zinc blende and wurtzite values for the bulk electronic band gap, 𝐸 𝑔 = 1.713 eV. The outcome is a single 𝑑 𝑓𝑖𝑡 value, reported in Table 1.

Based on the experimental sizing curves, we analyzed optical band gaps in zb-an wz-CdSe QDs within the effective mass calculations, [START_REF] Ekimov | Absorption and intensity-dependent photoluminescence measurements on CdSe quantum dots: assignment of the first electronic transitions[END_REF] for which we examined different sets of Luttinger parameters, see Supporting Information, Section S10. By comparing the experimental and calculated energy separation between the first and second excitonic transition, we find that sets of Luttinger parameters from refs. [START_REF] Norris | Measurement and assignment of the size-dependent optical spectrum in CdSe quantum dots[END_REF][START_REF] Fu | Applicability of the k.p method to the electronic structure of quantum dots[END_REF] and ref. [START_REF] Richard | Effects of finite spin-orbit splitting on optical properties of spherical semiconductor quantum dots[END_REF] are optimal for zb-CdSe and wz-CdSe QDs, respectively. Given these theoretical calculations, we can assess the difference in the absorbance spectra of the two polymorphs. As shown in Figure 4d, the optical gap of zb-CdSe QDs in the size range 2.5-5.0 nm is at higher energy than wz-QDs, even if bulk zb-CdSe has the smaller band gap. From fitting the experimental data, see Supporting Information, Section S10, we find that this large blueshift comes from stronger quantization of both the electron and hole in zb-CdSe. The second absorption feature then corresponds to an exciton formed by the electron ground state and the second S-type hole state. This difference is controlled by the separation between the 1S and 2S hole states, which is larger for zb-CdSe than for wz-CdSe QDs [START_REF] Wu | Fine-tuning the crystal structure of CdSe quantum dots by varying the dynamic characteristics of primary alkylamine ligands[END_REF][START_REF] Mahler | Ligand-Controlled Polytypism of Thick-Shell CdSe/CdS Nanocrystals[END_REF] , in line with the experimental observations (Figure 4d).

Conclusion

In conclusion, through a proportional correction for non-parabolic energy bands, this work establishes a generic sizing function for fitting experimental band-gap/size datasets and predicting size quantization based on known bulk semiconductor parameters. Using a single, physically meaningful parameter and allowing for extrapolation, this sizing function provides a sound, unified basis for QD size calibration. Moreover, researchers may well use the predictive power of the sizing function to assess bulk semiconductor constants, explore size quantization in new materials or structures or, as we show here, refine band-structure parameters. In this way, this work will help making the wealth of data assembled over the last tens of years on various colloidal semiconductor QDs useful and accessible for the broader field of materials physics.

Experimental section

zb-CdSe QDs synthesis. The CdSe QDs with predominantly zinc blende structure were synthesized according to a procedure based on the injection of undissolved Se powder into a hot mixture of cadmium carboxylate in octadecene (ODE) [START_REF] Flamee | Fast, High Yield, and High Solid Loading Synthesis of Metal Selenide Nanocrystals[END_REF] . Briefly, CdO (0.5-1 mmol) is dissolved with a fatty acid (3 Cd equivalent) in ODE (10 mL) at 260 °C under air atmosphere. A solution of undissolved Se powder (0.1 Cd equivalent) in ODE (1 mL) is injected rapidly and the reaction is left to proceed for 5 min. The QDs are then purified by repeated centrifugation, using toluene and methanol as solvent and nonsolvent, respectively. For this high chemical yield synthesis, the size of the QDs was varied by changing the length of the fatty acid from nonanoic acid to behenic acid, with longer acid chains yielding smaller nanocrystals, and/or the overall concentration of the synthesis, with higher concentrations yielding larger nanocrystals [START_REF] Flamee | Fast, High Yield, and High Solid Loading Synthesis of Metal Selenide Nanocrystals[END_REF] . After synthesis, the surface ligands were systematically exchanged for oleic acid.

wz-CdSe QDs synthesis. The CdSe QDs with predominantly wurtzite structure were synthesized according to a procedure initially reported by Carbone et al. [START_REF] Carbone | Synthesis and Micrometer-Scale Assembly of Colloidal CdSe/CdS Nanorods Prepared by a Seeded Growth Approach[END_REF] , which was greatly popularized for the seeded growth of CdSe/CdS dot-in-rods thanks to the non-centrosymmetric structure of these core QDs. The synthesis was later adapted to prevent the formation of phosphonic anhydrides, and the subsequent aggregation of QDs at room temperature, by adding a long chain alcohol to the synthesis [START_REF] Drijvers | Revisited Wurtzite CdSe Synthesis: A Gateway for the Versatile Flash Synthesis of Multishell Quantum Dots and Rods[END_REF] . In a typical synthesis, CdO (1.5 mmol) is dissolved with tetradecylphosphonic acid (6 mmol) in a degassed mixture of oleyl alcohol (24 mmol) and trioctylphosphine oxide (10 g) at 350 °C under nitrogen. Solutions of trioctylphospine (TOP, 2 ml), followed by TOP-Se (1.7 M, 1.5 ml, Se fully dissolved beforehand at 60 °C in a glove box), are injected rapidly in the reaction mixture under nitrogen. In this case, the size of the QDs was adjusted by varying the reaction time from a couple of seconds only, for the smallest ones, to several tens of seconds for the larger ones. The QDs are finally purified by repeated centrifugation, using toluene and methanol as solvent and non-solvent, respectively. Materials characterization. The UV-vis absorption spectra of the QDs were measured in toluene using a PerkinElmer Lambda 950 spectrometer. For XRD analyses, the QD solutions were drop-casted on a piece of cover glass slide and the diffraction patterns were measured with a Thermo Scientific ARL X'Tra diffractometer, operated at 40 kV/30 mA, using Cu-Kα radiation and a Peltier cooled Si(Li) solidstate detector. The diffraction patterns were acquired over a 5-110° 2θ range with a 0.02° step and 2.5° soller slits on both incident and receiving sides for higher resolution. TEM images were acquired with a Cs-corrected JEOL 2200FS microscope operated at 200 kV. The SAXS experiments were performed on the ID02 beamline [START_REF] Narayanan | A multipurpose instrument for time-resolved ultra-small-angle and coherent X-ray scattering[END_REF] of the ESRF (European Synchrotron Radiation Facility) at an energy of 12.23 keV and a sample to detector distance of 1m. The QD samples were inserted as toluene dispersions in a glass capillary. The data analysis was performed as previously reported for the size analysis of nanocrystals in the case of glass capillaries [START_REF] Maes | Size and Concentration Determination of Colloidal Nanocrystals by Small-Angle X-ray Scattering[END_REF] .

Figure 1 .

 1 Figure 1. Optical band gap energy as function of SAXS diameter (full symbols) and respective fits using Eq 6 (continuous red line) for (a) CdS, (b) CdSe, (c) PbS and (d) PbSe QDs. Data for CdS, PbSe and PbS were obtained from Maes et al. 10 . Data for CdSe combine results from Maes et al. 10 and the CdSe QDs analyzed in this work. The respective bulk optical bang gaps are indicated with grey dashed lines.

Figure 2 .

 2 Figure 2. Log-log representation of 𝐸 𝑓𝑖𝑡 as a function of 1 𝜀 ∞ 𝑑 0 ⁄ . Values were obtained from the optimal fits, using Eq 6, of the reference data obtained for CdS, CdSe, PbS and PbSe QDs (filled black markers) and of the literature datasets for CdTe, PbTe, InP, Si, HgTe and CsPbBr3 (open grey markers). The red line depicts the linear regression with 𝛼 = 0.7.
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 3 Figure 3. Optical band gap energy (blue continuous line) predicted by Eq 8 and (red dashed line) obtained as best fit of Eq 6 to the data (a) CdTe (dataset from Kamal et al. 16 ), (b) PbTe (dataset from Peters et al. and Murphy et al.17,18 ), (c) InP (dataset from Fu et al. and Ministro et al. 19,20 ), (d) Si (dataset from Yu et al. 21 ), (e) HgTe (dataset from Kovalenko et al., Lhuillier et al., Keuleyan et al., and Goubet et al. 22-25 ), and (f) CsPbBr3 (dataset from Maes et al. 26 ) QDs. The respective bulk optical bang gaps are indicated with grey dashed lines.
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 17 Figure 3. Optical band gap energy (blue continuous line) predicted by Eq 8 and (red dashed line) obtained as best fit of Eq 6 to the data (a) CdTe (dataset from Kamal et al. 16 ), (b) PbTe (dataset from Peters et al. and Murphy et al.17,18 ), (c) InP (dataset from Fu et al. and Ministro et al. 19,20 ), (d) Si (dataset from Yu et al. 21 ), (e) HgTe (dataset from Kovalenko et al., Lhuillier et al., Keuleyan et al., and Goubet et al. 22-25 ), and (f) CsPbBr3 (dataset from Maes et al. 26 ) QDs. The respective bulk optical bang gaps are indicated with grey dashed lines.
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 4 Figure 4. Absorption spectra of (a) zb-CdSe QDs and (b) wz-CdSe QDs. (c) Energy difference between the first and second excitonic transitions (E2-E1) as a function of the first transition energy (E1) for zb-CdSe and wz-CdSe QD sets synthesized for this study and compared to the CdSe QD set synthesized in a previous study (Maes et al. 10 ). (d) Optical band gap energy as a function of QD diameter, and fitted with Eq 10.

Table 1 .

 1 Physical parameters and fit results for the different materials analyzed by SAXS. Room temperature values of the parameters were used by default when available.

parameter CdS CdSe a wz-CdSe zb-CdSe PbS PbSe

  

	𝒅 𝒇𝒊𝒕 (𝐧𝐦)	3.5	6.8	5.4	7.7	54	82
	𝑬 𝒈 (eV)	2.501 b,13	1.713 c	1.751 13 1.675 13	0.42 14	0.31 14
	𝑬 𝒆𝒙 (eV)	0.03 b,13	0.015 b,13 0.015 13 0.015 b,13	<< Eg	<< Eg
	𝑬 𝟎 (eV)	2.471	1.698	1.736	1.660	≈ 0.42	≈ 0.31
	𝜺 ∞	5.3 13	6.2	6.2 13	6.2 13	17.4 15	23.6 15
	𝒅 𝟎 (𝐧𝐦) d	3.1	5.9 c	5.2	6.6	45	113
	𝑬 𝒇𝒊𝒕 (eV)	0.708	0.314	-	-	0.0152	0.0027

Table 2 .

 2 Physical parameters of different semiconductor materials tested for the predictive model and their respective E fit and d fit values. Room temperature values of the parameters were used by default when available.

	parameter	CdTe	PbTe	InP	Si	HgTe	CsPbBr3
	𝑬 𝒈 (eV)	1.51 13	0.32 14	1.35 14	1.12 31	-	-
	𝑬 𝒆𝒙 (eV)	0.010 13	<< Eg	0.005 32	0.015 33	-	-
	𝑬 𝟎 (eV)	1.50	0.32	1.345	1.105	-0.32 34	2.38 29
	𝜺 ∞	7.1 13	33.4 15	9.5 14	11.6 14	14 23	7.3 35
	𝒅 𝟎 (𝐧𝐦) a	9.3	175	14.3	9.0	53	6.1
	𝑬 𝒇𝒊𝒕 (eV)	0.144	0.0010	0.0629	0.0975	0.0186	0.231
	𝒅 𝒇𝒊𝒕 (𝐧𝐦)	8.9	103	12.3	9.2	73	6.3

a see Supporting Information S2 for 𝑑 0 determination.

We determined the average diameters of the different CdSe QDs using SAXS, see Supporting Information, Section S9, and fitted the resulting band gap/size data using Eq 10 for zb-CdSe and wz-CdSe QDs separately, see Figure 4d. Using their respective bulk electronic band gaps and a common bulk exciton binding energy of 0.015 eV, 13 we obtained two different curves with 𝑑 𝑓𝑖𝑡 values of 7.7 nm and 5.4 nm for zb-and wz-CdSe, respectively. A statistical analysis reveals that the probability for these two distributions to be random variations around a common curve is below 1% (Supporting Information, Section S9). This evaluation confirms the statistical significance of the two distinct 𝑑 𝑓𝑖𝑡 values, and is in line with zb-and wz-CdSe having a different Bohr radius.
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