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Abstract

The spontaneous packing parameter and the bending rigidity of small reverse

aggregates similar to reverse micelles in different diluents have been inves-

tigated. The considered system consisting of a common extractant (DM-

DOHEMA), a lanthanide salt (Eu(NO3)3) and water in various n-alkanes

(n-heptane, n-nonane and n-dodecane) has been studied using molecular

dynamics simulations to the obtain penetration behavior of different dilu-

ents. Umbrella sampling and fluctuation theory have been used to yield the

bending rigidity. Different approaches for the determination of the pack-

ing parameter have been applied. For the most reproducible methodology a

spontaneous packing parameter of 4.6 and an effective rigidity constant of 50

kBT per extractant molecule has been found.
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1. Introduction

The role of amphiphilic extractant molecules has been heavily studied

in the last few decades since they are present in all the biphasic solvent

extraction processes [1–6]. These extractant molecules allow the presence

of hydrophilic and hydrophobic environments to coexist in a solution, usu-

ally by forming polydisperse aggregates in the complex organic phases [7–9].

Due to the metal-ligand nature interaction in those aggregates an extractant

molecule can selectively bind the target metal ions and transport them into

the organic phase, leaving the non-target ions in the aqueous phase [10]. Fully

understanding the accurate solvation mechanism is the key of defining the

complex energetics of solvent extraction and, in fine, improving separation

efficiency [11, 12]. To achieve this, both, the long-range interactions making

up the ”soft matter” solution microstructure and the short-range interactions

relevant for the ligand to metal binding, have to be addressed [13]. Despite

the apparent disparity of the underlying factors, the combination of them

is not only relevant for solvent extraction, but also synthesis of nanoparti-

cles [14–16], and nanomedicine [17].

The solvent extraction chosen here for investigation is the one implying

the extractant molecule N,N’ -dimethyl-N,N’ -dioctylhexylethoxymalonamide

(DMDOHEMA), see figure 1. It is a representative of the broadly applied

malonamide extractant family [18, 19], and is the current reference extractant

in the DIAMEX (DIAMide EXtraction) process. This refers to the liquid-

liquid solvent extraction for recovering selectively trivalent actinide (An3+)

and lanthanide (Ln3+) cations from the PUREX (Plutonium and Uranium

Refining by EXtraction) raffinate [20, 21]. Having empirical data from inves-
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Figure 1: Representation of the malonamide extractant DMDOHEMA. The green circles

indicate that the corresponding atoms belong to the micelle core.

tigations using structural and physical techniques [22–24], DMDOHEMA is

a suitable candidate for molecular dynamics (MD) simulations.

In the extraction process, DMDOHEMA transfers cations to the organic

phase by making aggregates similar to small reverse micelles [1, 7]. Except

their small molecularities, such aggregates behave like reverse micelles since

they have well-defined polar cores, and orientated apolar ring composed of

extractant molecules (surfactants in the case of micelles). Furthermore, crit-

ical aggregation concentration (CAC) can be calculated, and curvature phe-

nomenon of the hydrophobic chains is observed. Here, the polar core of these

micelles consists of the metal cation, the counter ions, the co-extracted water

and the polar part of the extractant molecules, while the apolar ring around

is made up by the extractants hydrophobic chains. Generally speaking, the
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extraction reaction follows the equation

M3+ + 3NO−
3 + xH2O+ yL̄ � Ā, (1)

where M3+ is the trivalent metal cation, L the free (neutral) DMDOHEMA

molecule and A the formed (neutral) aggregate. The bar above the com-

pound marks the species within the organic phase. The aggregation number

y and the amount of co-extracted water x have been investigated experi-

mentally [7, 8, 23, 25] and found to be dependent mainly on the concen-

trations of extractant and acid [26], as well as, of course, the metal cation

extracted [27]. For extractant concentrations below 1 mol L−1 the aggrega-

tion number was found to be three or four, while at higher DMDOHEMA

concentrations larger aggregates with up to ten amphiphiles molecules are

formed. Additionally, it was found that low metal ion contents produce

small reverse micelles containing one cation, whereas higher metal ion con-

centration favors a clustering of the micelles to polynuclear aggregates with

bridged nitrate [2]. For instance, for low concentrations Ellis et al. found

micelles with one Eu3+, three nitrate, one water and three DMDOHEMA

extractant molecules. Despite MD simulations proved themselves useful in

validating those empirical studies on the aggregates, to our best knowledge,

simulation methods have never been applied to investigate the influence of

the diluent itself. For practical reasons, most MD simulations are carried out

in a n-heptane as organic phase, although longer chained n-alkanes find more

use in industrial applications [28]. This simplification might lead to wrong

results from MD simulations as already observed for uranyl extraction with

trioctylamine extractants under sulfuric conditions [29]. An explicit consid-

eration of the diluent may both, help in validating former simulation data
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and aid the research for more efficient extraction [30–33].

Based on those findings, it was the goal of this paper to investigate the

influence of the diluent on micellar properties. Therefore, umbrella sampling

molecular dynamics simulations were used in order to access the curvature

and the packing parameter of reverse micelles composed of hydrated eu-

ropium nitrate (Eu(NO3)3) and DMDOHEMA in a structure most relevant

for low metal ion and extractant concentrations, as shown experimentally and

theoretically [2]. Methodically, this was achieved by modifying the micelle

core size through an external constraint.

The aim of this work is to better understand the parameters influencing

the size of the polar core in extraction. Recent works have shown that it is

possible to predict quantitatively the extraction by a model that effectively

characterizes all the phenomena involved: complexation, ion concentration,

interfaces, bending effects, etc [34, 35]. To model the extraction, we can

then take into account all the species possibly present in the solvent phase

and not only a representative sample of the chemistry. The interest of such

an approach is that the collective effects, as e.g. synergy, appear naturally

without having to reparameterize the system [4]. Nevertheless, some phe-

nomena, such as the curvature effects that control the size of the species

formed [36], require a parameterization that is difficult to know a priori and

a study of these aggregation phenomena is important for the future devel-

opment of these approaches. Several mesoscopic parameters can account for

these curvature effects. One of them is the packing parameter p which has

the advantage of being a molecular quantity which depends on the envi-

ronment. Within this framework, in a complete theory all the equilibrium
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properties can be calculated: Critical Aggregation Concentration (CAC) /

Critical Micellar Concentration (CMC), extraction isotherms, structures (X-

ray diffraction, SAXS, and SANS spectra) [37–41].

It should be emphasized that incorporating notions of soft matter and

colloidal theories is in no way in opposition to the well-supported concepts of

complexation or to the molecular effects of first spheres that can be described

by molecular simulations. They simply allow to couple them with a more

efficient consideration of the phenomena related to long-range interactions

and configuration entropy.

Thus the interest of such an approach is to be able to propose a more

complete modeling of the extraction where, instead of considering a small

number of species representing on average the numerous chemical species

present, one considers the whole set of possible stoichiometries by using these

collective effects concepts of soft matter coming in particular from the theory

of microemulsions. Such an approach has recently been able to successfully

predict the extraction of rare earths [39, 40]. It does not contradict in any

way the significance of complexation phenomena necessary for extraction,

but they are coupled to other phenomena such as those of entropic nature

related to the high concentration of polar heads or the effects of curvature of

the chains.

The important point is that by definition these models which consider

in some way the solvent phases as microemulsions do not necessarily exhibit

characteristic aggregate size or maximum in the distribution at the associated

cluster numbers contrary to what was written in a recent article [42]. Per-

sistence length are not characteristic size of aggregates [6]. To simplify the
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description of the phenomena, we simulated here by molecular dynamics the

smallest aggregates comprising 3 or 4 extractant molecules. These species

of lowest molecularity are the most common for dilute phases. The studies

which model diluted suspensions, for states close to the critical aggregation

concentration (CAC), logically focus on them. But one should not forget that

if the concentration increases, the entropic cost to form aggregates decreases

and structures of much higher molecularity appear [43], as the curvature can

be adapted to very different geometries and sizes, as can be seen for instance

in the study of viscosity [44].

The point that justifies the use of microemulsion models is therefore in

no way the universal presence of aggregates of characteristic size. It is in fact

more simply the presence of polar domains. It is even possible to propose

flexible microemulsion models where the curvature term of the extractant

molecule has only a marginal role. Except perhaps at the CAC, the size of

the micelles is not directly controlled by the curvature effects, it depends

rather on the entropic effects [45, 46].

2. Theory for curvature effects

While describing the elastic properties of lipid bilayers, Helfrich [47] used

the formula

wc(c1 + c2) =
κ

2
(c1 + c2 − 2c0)

2 + κ̄c1c2 (2)

to give the curvature-elastic energy per unit area with c1 and c2 being the

principal local curvatures, c0 the spontaneous curvature, and κ and κ̄ the

bending and Gaussian rigidity constants. Applying the theory to a spherical
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reverse micelle with the radius R gives us

c1 = c2 = c =
1

R
. (3)

Only considering the curvature, the free energy of the micelle surface is then

Fc =

∫
wc(c)dS = 8πκ

(
1− c0

c

)2

+ 4πκ̄ (4)

where
∫
dS = 4πR2.

Originally describing bilayers and micelles in water and taking into ac-

count stretching, tilting and curvatures, the molecular theories were later

linked to mesoscopic theories by Szleifer et al [48]. Being applicable in cases

of small interfacial layer thickness or chain length, the theory proofed itself

valuable for oil in water (o/w) microemulsions and sphere to cylinder transi-

tions in water-based micelles for almost 30 years [49–51]. But this approach

has only recently been applied for the first time in the case of weak reverse

aggregates, that are present in liquid-liquid extraction using extractants like

DMDOHEMA [52]. Based on the work of Israelachvili et al. [53], Duvail and

co-workers described the total free energy of bending contribution as

F = N
κ∗

2
(p− p0)

2 , (5)

where N is the total number of surfactant molecules involved in the micelle.

p and p0 are the effective and spontaneous packing parameter, respectively,

and κ∗ is the effective bending rigidity constant.

For spherical micelles a0, the area of the interface between polar core and

apolar chains, is given by

a0 = 4πR2. (6)
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Changing the radius by the length l changes the area according to

a(l) = 4π(R + l)2 = a0

(
1 + 2

l

R
+

l2

R2

)
, (7)

and by integrating this equation we get the corresponding volume

v =

∫
a(l)dl = a0

(
l +

l2

R
+

l3

3R2

)
, (8)

where we consider l being the length of the hydrophobic chain Ls and, there-

fore, v the chain volume. The packing parameter p [53] is defined as

p =
v

a0Ls

. (9)

Therefore, it is also accessible via

p = 1 +
Ls

R
+

L2
s

3R2
, (10)

an equation that solely depends on Ls and R, which both are easily accessible

from molecular dynamics simulations.

It should be noted that both, Eqns. 4 and 5, approach the same effect and,

therefore, are globally similar, linking the effective rigidity constant κ∗ to the

bending and Gaussian rigidity constants, κ and κ̄. However, the approaches

differ in how the interface is considered since the Helfrich formalism assumes a

infinite thin interface and the molecular model in terms of packing parameter

introduces the thickness of the chain length Ls [36].

The present paper mainly focused on spherical reverse micelles since it

correspond to the shape of the aggregates formed in this system. However, it

should be noted that this theory, based on the packing parameter, has been

first developed to predict the self-assembly of micellar aggregates having
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Figure 2: Snapshots of the MD simulation of the micelle composed of Eu3+ (green), three

nitrate, water and three DMDOHEMA extractant molecules in (a) n-heptane (orange),

(b) n-nonane (pink) and (c) n-dodecane (violet).

different shapes: spheres, ellipsoids, cylinders, bilayers [53]. Furthermore,

Danov et al. recently demonstrated that such an approach could also be

applied to predict the thermodynamics of wormlike micelles growth with

non-ionic [45] and ionic surfactants [46].

3. Simulation details

3.1. Molecular dynamics simulations

Classical molecular dynamics (MD) simulations were performed in the

NpT ensemble with SANDER14, a module of AMBER14 [54] using explicit

polarization because of the presence of lanthanide cations [55–57]. Aggre-

gates containing one europium cation Eu3+, three nitrate anions NO−
3 , one

water molecule and three DMDOHEMA extractant molecules were simulated

in n-heptane, n-nonane and n-dodecane. For this, aggregates have been built

from the stable experimental stoichiometry [2] and then solvated in 1000 n-

alkanes (Fig. 2), as already done for other Ln3+ aggregates [52, 58]. The

systems were equilibrated at 298.15 K and 1 bar for at least 200 ps. The
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simulations were run for 5 ns solving the equations of motion with a 1 fs

time step. Since aggregates are already formed, this simulation time is large

enough to have good structural and thermodynamics aggregate solvation

properties in n-alkanes as already done for others Ln3+–containing aggre-

gates [52, 58]. This simulation time allows also to calculate small fluctuations

of the solvent density over the time, typically 0.002 g cm3. The pressure was

controlled by the weak-coupling Berendsen barostat with compressibilities of

144.0 × 10−6, 117.7 × 10−6 and 98.8 × 10−6 bar−1 for n-heptane, n-nonane

and n-dodecane, respectively [59, 60]. For the temperature also a weak-

coupling algorithm was used. Periodic boundary conditions were applied to

the simulation box. Long-range interactions have been calculated using the

particle-mesh Ewald method [61].

The van der Waals force was described by a 12-6 Lennard-Jones (LJ) po-

tential, where εij and σij were determined to reproduce experimental struc-

tural properties of molecules and ions in solution. Water molecules were

described by the rigid POL3 model [62, 63] taking the polarization into ac-

count. LJ parameters used for the Eu3+ and the NO−
3 anions are described

in Refs. [64] and [65], respectively. The polarizable force fields we recently

developed for DMDOHEMA [52, 65] and the n-alkanes [29] have been used.

These latter are based those developed by Siu et al. for long hydrocarbon

chains [66]. Furthermore, atomic polarizabilities have been modified with

respect to the ones determined from ab initio calculations by van Duijnen et

al. [67]. All the parameters and the validation of the n-alkane force fields are

given in the Supporting Information (Tables S1, S2 and S3, and Figure S1).

To visualize the trajectories the software VMD [68] was used. Further
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Table 1: List of the reaction coordinate ξ0

Diluent ξ0 / Å

n-heptane 5.0, 5.5, 5.75, 6.0, 6.5, 6.75, 7.0, 7.5, 8.0, 8.25, 8.5, 9.0, 9.25, 9.5, 9.75, 10.0

n-nonane 5.0, 5.25, 5.5, 6.0, 6.5, 6.75, 7.0, 7.5, 8.0, 8.25, 8.5, 9.0, 9.5, 10.0

n-dodecane 5.0, 5.5, 5.8, 5.9, 6.0, 6.5, 6.8, 7.0, 7.5, 8.0, 8.2, 8.5, 8.9, 9.2, 9.5, 9.7, 10.0

analysis heavily relied on the software CPPTRAJ, as well as its corresponding

Python library PTRAJ [69], and on the MDAnalysis Python library [70, 71].

Additionally, the Python packages of the SciPy [72] ecosystem have been

used in the processing of the simulation data.

3.2. Umbrella sampling

Potentials of mean force (PMF) of the reverse micelles have been calcu-

lated in n-heptane, n-nonane and n-dodecane using umbrella sampling (US)

simulations in order to obtain the elastic properties of the interface between

polar core and the apolar chains as a function of the diluent chain length.

To achieve this, an umbrella spring force with a spring constant k of 10

kcal mol−1 Å−2 was pairwise applied between all three ternary carbon atoms

of the diamide group of the DMDOHEMA molecules (named C4 in Fig. 1).

The reaction coordinate ξ0, corresponding to the C4 – C4 distance, was set to

values between 5 and 10 Å with steps of 0.5 Å (Fig.3). To get optimal overlap

of the equilibrium windows, additional distances were added (Figs. S2, S3

and S4). All ξ0 values of the sampling simulations can be found in Table 1.

For each window, the systems was equilibrated at 300 K for 50 ps, and then

the production runs were performed in the NVT ensemble for 1 ns using a

Langevin thermostat with a collision frequency of 25 ps−1. Note that this
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Figure 3: Schematic representation of the reverse micelle consisting of three DMDOHEMA

molecules and containing the Eu3+ cation in the core. The reaction coordinate ξ0 between

the ternary carbon atoms of the diamide, depicted in dark green, was varied in the umbrella

sampling MD simulations.

represents MD simulations of 16, 14 and 17 ns in n-heptane, n-nonane and

n-dodecane, respectively. Then, free energy profiles were calculated using

the weighted histogram analysis method (WHAM) [73, 74].

4. Results and discussion

4.1. Chain length

In order to access the packing parameter via Eqn. 10 the chain length

of the extractant has to be known. Since it was found that the chain

length is mostly independent of the reaction coordinate ξ0 for micelles in a

medium [52], the average length was calculated from the non-biased classical

MD simulation and assumed to be alike for all umbrella sampling windows.
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For the central chain of the DMDOHEMA molecule, the chain length was

defined as the distance between the central ternary carbon atom C4 and

the terminal carbon atom of the hexyl-ethoxy chain, whereas for the lateral

chains it was defined as the distance between the nitrogen atoms and the ter-

minal carbon atoms of the octyl chains. The value found for the end-to-end

distance of the chains is 9.1 Å in all three diluents. Calculating the maximum

extension via the Tanford’s formula [75] (lmax = 1.5 + 1.265 nc = 11.6 Å),

considering the heteroatoms behave like carbon (nc = 8), gives a extension

of around 78 %.

In addition, the chain length, i.e., the end-to-end distance, of the diluents

themselves were investigated. Average chain lengths of 6.9, 9.0 and 12.1 Å

were found for n-heptane, n-nonane and n-dodecane, respectively. Further-

more, the distribution of lengths was analyzed, (Fig. 4). For the n-alkanes

three distinct peaks are observed in the distributions, which is due to the

conformational isomers. The rightmost peak for each diluent represents a

molecule with only anti conformations. Substituting one or more anti con-

formations with gauche conformations leads to shortening of the end-to-end

distance.

The distribution of the DMDOHEMA chain length is mainly independent

of the diluent. A good agreement between the distribution of n-nonane and

DMDOHEMA is clearly seen.

4.2. Chain angle

To investigate the chain orientation, the angle between the terminal car-

bon of the hexyl-ethoxy chain of DMDOHEMA and the extended Eu-C4

distance was investigated from the non-biased MD simulations, with C4 be-

14



4 6 8 10 12 14

n-heptane
n-nonane
n-dodecane

4 6 8 10 12 14
Chain length  /  Å

in n-heptane
in n-nonane
in n-dodecane

Figure 4: (Top) Distribution of chain length of the diluents n-heptane (black), n-nonane

(red) and n-dodecane (green), and (Bottom) the DMDOHEMA chains in aggregates in

the various diluents.

ing the marked carbon atom in figure 1. In figure 5 the angles are shown as

a function of the Eu-C4 distance for n-heptane, n-nonane, and n-dodecane.

In the left figures, the average values are shown as a red line in addition to

the angles for the three extractant molecules in different colors, in the right

the corresponding histograms are shown. Bidentate DMDOHEMA gives an

Eu-C4 distance of approximately 4.2 Å, whereas monodentate gives approx-

imately 4.8 Å. For the bidentate extractant the angular movement increases

from n-heptane to n-dodecane and, therefore, the average angle decreases

steadily. In contrast, the angle for the monodentate DMDOHEMA is more

restricted for the longer chained diluent and the distribution gets narrower

and moves towards higher cos θ values. It appears that the penetrating n-

heptane screens the chains against coalescence and the chains protrude radi-
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ally.

In n-dodecane, one extractant molecule has been temporarily pushed into

the second coordination sphere with a corresponding Eu-C4 distance of 6

Å. Here, the water molecule was located between the Eu3+ cation and the

DMDOHEMA molecules for around 0.1 ns; this only occurred in n-dodecane.

4.3. Core area and micelle volume

In addition to the chain length, the core area and the apolar ring vol-

ume were investigated as they directly influence the packing parameter. To

determine the core area the heteroatoms and the ternary carbon of the mal-

onamide group were defined to make up the core (see figure 1, green circles).

Then a convex hull was laid around those atoms, as seen in figure 6(a), and

the area of this hull calculated. Core areas of 196, 197 and 193 Å2 with

standard deviations of 4, 3 and 3 Å2 were found for n-heptane, n-nonane

and n-dodecane, respectively.

Analogously, the volume of the apolar ring was calculated by forming a

convex hull around all atoms of the micelle, computing the volume of the

hull and subtracting the volume of the core. Figure 6(b) shows both hulls

with projections on the coordinate planes for one frame of the simulation,

typically the last one. The corresponding values are 3.2 × 103, 3.1 × 103

and 3.2 × 103 Å3 with standard deviations of 0.3 × 103, 0.3 × 103 and 0.4

× 103 Å3 for n-heptane, n-nonane and n-dodecane, respectively. The pro-

jections show that the core and the apolar ring are approximately spherical

and fluctuate with an instantaneous ellipticity of approximately 0.25. This

is owed to the small aggregation number, which simply makes the interface

lack extractant chains to form a spherical aggregate. One may think that
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explicitly accounting for the presence of n-alkane molecules in the apolar re-

gion of the aggregate (interacting very weakly with the hydrophobic chains

of the DMDOHEMA molecule) should make the aggregate fully spherical.

However, using our definition of the apolar region, i.e., consisting only of the

hydrophobic chains of the DMDOHEMA molecules, we already implicitly

took into account a part of the n-alkane molecules penetrating in the apolar

region since we calculated the volume of the convex hull. Nevertheless, con-

sidering explicitly the presence of n-alkane molecules in the apolar region,

which corresponds to another model since the definition of the apolar region

is different, changes little the volumes calculated. Indeed, an increase of

around 10% is calculated. This will have also an influence on the calculated

spontaneous packing parameter and bending rigidity. However, in this case,

we have to note that the definition of distance criteria to define wether the

n-alkane molecules belong to the apolar region (between the DMDOHEMA

and the n-alkane and Eu3+ and the n-alkane molecules) are based on non

well-defined radial distribution functions. The definition of these criteria is

therefore quite complex since very little structuration is observed. Thus,

for the rest of the study, we considered only the hydrophobic chains of the

DMDOHEMA molecules for the definition of the apolar region.

4.4. Micelle geometry

To validate the assumption of a reverse spherical micelle the geometry

of the aggregate was investigated. Therefore, the micelle in n-heptane was

projected onto a polar coordination sphere and observed as a function of the

simulation time (Fig. 7). The chain atoms are displayed in yellow, green, and

blue colors with the core atoms highlighted in red. Atom positions, centered
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around the Eu3+ cation, were projected for a single frame (1 ps), 100, 1000

and 5000 ps. It was observed that the micelle, indeed, fluctuates around a

spherical geometry in a time scale above 1 ns. The same was observed for the

micelles in n-nonane and n-dodecane, where it took increasing times for the

micelle to fluctuate. This may be due to the decreased diffusion in n-nonane

and n-dodecane.

4.5. Packing parameter

To obtain the free energy of bending as a function of the packing pa-

rameter different approaches based on different definitions of the packing

parameter have been used. The energy was either calculated from umbrella

sampling (US) molecular dynamics simulations or using fluctuation theory

from the classical non-biased molecular dynamics simulations. The packing

parameter itself was calculated either directly by Equation 9 or by the mod-

ified Equation 10 only depending on the core radius and the chain length.

The latter approach is only valid for spherical geometry.

Since the length of the hydrophobic tail is known, the only missing value

needed to calculate the packing parameter via Equation 10 is the core radius

R. Assuming a triangular geometry of the polar core of the micelle, as in

figure 3, where the atoms form the corners of a triangle, the radius of the

circle can be calculated as

R =
ξ1ξ2ξ3√

(ξ1 + ξ2 + ξ3) + (ξ1 + ξ2 − ξ3) + (ξ2 + ξ3 − ξ1) + (ξ3 + ξ1 − ξ2)
.

(11)

For the specific case of an equilateral triangle the equation simplifies to

R = ξ̄

√
3

3
. (12)
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Aware of these connections, the three reaction coordinates ξ1, ξ2 and ξ3

can be combined to the average value ξ̄ or the radius R. For the sake of

simplicity, the WHAM processing was done by considering only one degree

of freedom, either ξ̄ or R. It has to be noted that due to the parameter

reduction adapted spring constants k must be used for the analysis with

WHAM. The general perturbation Hamiltonian of the umbrella sampling

reads

H ′ =
1

2
k

3∑
i=1

(ξi − ξ0)
2 (13)

where ξ0 is the reaction coordinate. If one considers that the geometry re-

mains quasi-symmetric during the simulation, i.e., the three reaction coor-

dinates ξ1, ξ2 and ξ3 are close to the average value ξ̄, H ′ is equivalent to the

Hamiltonian with a single spring on the ξ̄ parameter but with an effective

spring constant keff = 3k. Once the free energy as a function of ξ̄ is ob-

tained, the free energy as a function of p is deduced from Equations 10 and

12. The US calculations can also be done by using the radius R. In that case,

for any configuration, the radius R is calculated from Equation 11. Always

considering a constant symmetrical geometry, the perturbation Hamiltonian

becomes

H ′ =
9

2
k

(
R− ξ0√

3

)2

. (14)

Therefore, in that case where the WHAM algorithm is performed with R,

the effective spring constant is keff = 9k. The free energy is finally expressed

as a function of p thanks to Equation 10.

Figure 8 shows the PMFs calculated for the approaches using the two US

methodologies considering (a) the average distance ξ̄ and (b) the radius R

(Equation 11). The curves obtained using both approaches are in very good
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agreement and validate the approach of parameter reduction for WHAM

analysis. In both cases, the spontaneous packing parameter p0 was found to

be 4.6 for n-heptane, n-nonane and n-dodecane. The local minimum to the

left of the p0 corresponds to an aggregate where one DMDOHEMA is in the

Eu3+ second coordination sphere coordinating to the water molecule. For

n-dodecane, this configuration seems to have a slightly lower barrier. For

even smaller packing parameters –corresponding to larger spherical micelles–

n-nonane has the lowest potential curve. This may be due to the similarity

between the diluent and the DMDOHEMA molecule in terms of chain length

(Fig. 4), which is highest for n-nonane and therefore may allow a stronger

penetration and a swelling of the micelle. For too small core sizes (p values

above p0) the core eventually collapses and counter ions or hydrating water

get forced out of the core. With increasing hydrophobicity of the diluent, the

stability of those aggregates decreases drastically.

An alternative methodology is to calculate the packing parameter via the

fluctuation of the distance between the ternary carbon atoms of the diamide

group of DMDOHEMA. The definition of the packing parameter is analogous

to the one used in umbrella sampling, but the relevant C4-C4 distances ξi

were obtained directly from classical MD simulation without any restraints.

Figure 9 shows the free energy potentials obtained using such an approach.

The spontaneous packing parameters p0 are found to be 4.5 for n-heptane

and n-nonane, and 4.6 for n-dodecane and therefore correspond very well

with those calculated using the umbrella sampling approach. Additionally,

already a deviation of the parabola is observed for sufficiently large (for n-

heptane) and small (for n-dodecane) p values, corresponding to the area of
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a local minimum (p ≈ 4.1) and the higher stability of large p in n-heptane,

compared to figure 8.

In comparison, the packing parameter was calculated using the fluctu-

ating values of the volume v, the head group area a0 and the chain length

Ls via Equation 9 (Fig. 10). This approach has the advantage that it does

not explicitly assume the geometry of the aggregate and therefore could be

applied to any system whether it is spherical or not. Here, values of 1.8, 1.7

and 1.9 for the p0 were obtained for n-heptane, n-nonane and n-dodecane,

respectively. The values calculated are significantly lower than those of the

umbrella sampling method. This is due to the fact that, in the case of the

US approach, the micelle was assumed to be spherical in order to get the

packing parameter from the reaction coordinate ξ0, while this method takes

the instantaneous geometrical properties into account. As seen in figure 6,

the micelle is rather oblate spheroidal and therefore a smaller spontaneous

packing parameter is expected.

4.6. Rigidity constants

From the free energy profiles calculated in the n-alkanes the effective

bending constants were determined using the molecular formalism from Equa-

tion 5. All the constants are found in Table 2.

The yielded rigidity constant depends rather on the definition of the pack-

ing parameter than on the methodology used to obtain it. For approaches

using the core radius to calculate p, values in the range of 50 kBT per ex-

tractant molecule were found for all n-alkanes. Solely the fluctuation of the

radius produces larger values. It is expected that a longer simulation run

will give both a better coincidence of the yielded rigidity constant for US
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Table 2: Spontaneous packing parameter p0 and effective rigidity constant κ∗ calculated

from the different approaches

n-heptane n-nonane n-dodecane

p0 κ∗a p0 κ∗a p0 κ∗a

US ξ̄ 4.6 50 4.6 51 4.6 50

US R 4.6 49 4.6 48 4.6 47

fluctuation R 4.5 53 4.5 83 4.6 62

fluctuation v 1.8 9 1.7 17 1.9 6

a in kBT per extractant molecule.

and fluctuation, and a more parabolic energy profile.

Compared to effective bending rigidities found in the literature and cal-

culated for lipid bilayers or microemulsions, i.e., typically in the order of

magnitude of a few kBT [76–79], these values seem proportionately high.

This is due to the nature of the investigated micelles. While in earlier litera-

ture mainly water swollen micelles not containing cations and with radii much

larger than 10 Å were considered, the simulated aggregate is a very small and

rigid reverse micelle owed to the strong interaction with the charged Eu3+

cation. The radius of the micelles in all n-alkanes was found to be around

4.2 Å. The radii as well as the effective bending rigidities are in good agree-

ment with former investigations of a reverse micelle containing La3+ and four

DMDOHEMA molecules [52].

With the approaches using the different definition of the packing param-

eter deviating values were found. The fluctuation of volume and area gives

rigidity constants of 9, 17 and 6 kBT per extractant molecule for n-heptane,
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n-nonane and n-dodecane, respectively. It is difficult to put the values in rela-

tion to each other because of the fundamentally different approach. However,

a longer simulation run is expected to result in a better agreement between

the results for different diluents.

5. Conclusion

In the present work, aggregates composed of Eu(NO3)3, water and the

extractant DMDOHEMA diluted in the three n-alkanes, i.e., n-heptane, n-

nonane and n-dodecane were simulated using classical molecular dynamics

simulations. The fluctuations of the system were investigated from a ther-

modynamic point of view. Furthermore, external constraints were applied

to alter the micelle in a way that did not change the nature of the cation,

yet change the micelle surface. Thus, the energy profiles of the aggregate

in different diluents became accessible. In the end, the spontaneous packing

parameter p0 and the effective bending rigidity constant κ∗ were calculated

to investigate whether and, if so, how those parameters were influenced by

the diluent. It was found that (a) both, fluctuation theory and umbrella

sampling, are valid ways to investigate the energy profiles of small reverse

micelle, and (b) the diluent has a minor effect on the spontaneous packing

parameter and the effective bending rigidity. The energy profiles in the dif-

ferent n-alkanes coincide around the local minimum p0, while outside this

region they mainly differ.

This work validates the approach using fluctuation theory as a way to

investigate the energy profiles of a system analogous to umbrella sampling,

while being less time and work consuming. Furthermore, such an approach
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has the advantage that it does not depend on the geometry of the aggregate

formed so that it can be applied to any system whether it is spherical or

not. In this work only unbranched diluents were used, but it is expected

that branched diluents exhibit a significantly different penetration behavior

and, therefore, alter the micelle parameters drastically. Understanding the

influence of the diluent on the micelle parameters both, paves the way for a

better understanding of the underlying thermodynamics and directly benefits

the application in the extraction of metal ions. But to make it, more research

on additional systems has to be done.
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opls-aa force field for long hydrocarbons, J. Chem. Theory. Comp. 8 (4)

(2012) 1459–1470.

[67] P. T. van Duijnen, M. Swart, Molecular and atomic polarizabilities:

Thole’s model revisited, J. Phys. Chem. A 102 (14) (1998) 2399–2407.

[68] W. Humphrey, A. Dalke, K. Schulten, Vmd: Visual molecular dynamics,

J. Mol. Graph. 14 (1) (1996) 33–38.

[69] D. R. Roe, T. E. Cheatham, Ptraj and cpptraj: Software for processing

and analysis of molecular dynamics trajectory data, J. Chem. Theory

Comput. 9 (7) (2013) 3084–95.

[70] N. Michaud-Agrawal, E. J. Denning, T. B. Woolf, O. Beckstein, MD-

Analysis: A toolkit for the analysis of molecular dynamics simulations,

J. Comput. Chem. 32 (10) (2011) 2319–2327.

34



[71] R. J. Gowers, M. Linke, J. Barnoud, T. J. E. Reddy, M. N. Melo,
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Figure 5: (Left) Cosine of the angle between the terminal carbon of the hexyl-ethoxy

chain of DMDOHEMA and the Eu-C4 distance as a function of the Eu-C4 distance in

(a) n-heptane, (b) n-nonane, and (c) n-dodecane. Color points (yellow, green, and blue)

represent the three DMDOHEMA molecules. The red line is the average cosine of angle

calculated over the three DMDOHEMA molecules. (Right) Corresponding histograms

where the color bar corresponds to an arbitrary scaled probability.
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(a) (b)

Figure 6: (a) Convex hull around the polar core for the micelle in n-heptane. The red

lines depict the edges of the hull around the atoms defined to build up the core (red dots).

(b) Convex hull around apolar ring (blue lines) and polar core (red lines). Projections on

the yz, xz and xy planes show the geometry of the hulls and their relative position to each

other.
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(a) (b)

(c) (d)

Figure 7: Projections of the atoms making up the micelle in n-heptane onto a polar

coordinate system for (a) one simulation frame (1 ps), (b) 100 ps, (c) 1 ns and (d) 5 ns.

Atoms that were declared as core atoms (see figure 1) are depicted in red, all remaining

atoms are in yellow, green, and blue colors corresponding to DMDOHEMA 1, 2, and 3,

respectively. Distances to Eu3+cation (in Å) are also shown as subcircles.
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(a) (b)

Figure 8: Potential of mean force profiles calculated from umbrella sampling molecular

dynamics simulations as a function of the packing parameter p in n-heptane (black), n-

nonane (red) and n-dodecane (green). The dashed lines show the parabolic fit near the

minimum p0. The weighted histogram was calculated from (a) the average C4-C4 distance

ξ̄ or (b) the radius calculated from the three distinct C4-C4 distances ξi.
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Figure 9: Free energy of the micelle as a function of the packing parameter calculated

from fluctuating ξi distances. The dashed lines show the parabolic fit near the minimum

p0.

40



1 1.5 2 2.5 3
packing parameter

0

1

2

3

4

5

F
  /

  k
B
T

in n-heptane
in n-nonane
in n-dodecane
fit

Figure 10: Free energy of the micelle as a function of the packing parameter calculated

from fluctuating core area and micelle volume.
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Graphical Abstract

Molecular dynamics simulations of Eu(NO3)3 salt with DMDOHEMA in n-alkanes:

Unravelling curvature properties in liquid-liquid extraction
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A new molecular dynamics approach for investigating the curvature properties of reverse

micelles involved in liquid-liquid extraction.




