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Abstract

Surfactant film rigidity is a ubiquitous general concept that is quantified in
two different units. We show here how to convert the bending rigidity from
reduced units of a virtual infinitely thin film (not made of molecules) into the
chemical unit (kJ.mol™!) of a realistic film of monomolecular thickness. In
most cases molecular lengths are not negligible versus curvature radius. Two
bending constants for the elasticity of thin-shelled solids can be defined, as
introduced by Gauss, whereas only one physical bending constant taking into
account that the film cannot be torn has been introduced in the nineties by Hyde
and Ninham. The explicit conversion depends on the topology and is different
in the quasi-planar approximation, as well as the ”direct” o/w or "reverse” w/o
case of spherical or cylindrical micelles. We show some examples for classical
and nonclassical micelles and microemulsions of different compositions.
Keywords: elsarticle.cls, BIEX, Elsevier, template

2010 MSC: 00-01, 99-00

1. Introduction

Initial understanding of amphiphilic self-assembly started in the seventies
with the qualification of the possible formation of curved films made from as-

sembled cones[1]. Entropy was taken only as the mechanism responsible of an
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effective length of chains averaged over all possible configurations [2]. The fun-
damental quantity that is used in any model of molecular films has been defined
as the packing parameter p. Later, this packing parameter slowly got his in-
dex as spontaneous packing parameter pg, as triggered by molecular shape and
intermolecular forces [3]:

Vin

Po = M (1)

(L) is the average length of the carbon chains. The area per molecule ag is the
area that minimizes the free energy, i.e. the experimentally accessible area in a
real sample, but not the area determined in a lattice by crystallography [4]. The
volume V,, is safely taken as the molar volume of chains by addition of group
contributions [5]. Another method consists in taking the volume of the molecule
minus the volume of the head group. The latter is taken by subtraction of partial
volumes measured and taking into account the number of physi-sorbed water
molecules [6]. This approximation can be applied in all cases except the case
of fatty acids and hydroxide-based lipids and surfactants, since partial molar
volumes of dissociated HT or OH™ may become negative upon dissociation
from the head-group(7].

The chain length (L) is another expression that hides some uncertainties
when it comes to evaluation. In the general literature, the length was taken as
the extended chain length. Since the eighties, it was realized that the thermal
averaged conformation of chains was important, due to the simple and efficient
statistical approach introduced by C. Tanford [8]: whenever an aliphatic chain
is considered, the Tanford approximation using for the effective chain 80% of
the extended chain length as the effective chain length provides excellent first
approximation for size of micelles and microemulsions as observed by scattering.
The best predictive general model taking into account entropy of chains is due
to Nagarajan [9].

These first attempts towards a predictive theory of phase maps dating from
the seventies triggered an immense experimental effort. Using scattering on

absolute scale and also extending the scattering angle to high-q region corre-
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sponding to high resolution resulted in the joint knowledge from experiment of
the absolute values of the area per head-group as well as volume of aggregates
[10]. It was quickly obvious that effective interfacial area per surfactant or lipid
, denoted by o in experiments and that we will call a in this work was differ-
ent in practice from the spontaneous one aq [11]. Hence, an effective packing
parameter can be derived out of SANS/SAXS scattering in any single-phase

micellar or microemulsion:

P= o) (2)
The area a that minimizes the total free energy is the experimentally accessible
area while the spontaneous area a is the area that minimizes the free energy for
one molecule. The shape of the graph linking free energy versus effective area
has been derived for several systems containing amphiphiles [4]. An erroneous
evaluation of p taking the area in the hydrated crystalline form as a value for the
effective or spontaneous area per molecule has been propagated in the literature
and is due to sketches of molecules in a given conformation and without water
bound on head-groups embedded in cylinders and cones.

The distinction between the spontaneous packing parameter py that is a
property of ternary or quaternary systems and the effective packing parameter
p that is a microstructural feature of a given composition is significant. It avoids
confusions due to the use of vague unspecified terms as “packing”, “curvature”,
or ”critical packing parameter”. According to Griffin’s idea, an emulsifier that is
lipophilic in character is assigned a low Hydrophilic-Lipophilic Balance number
(HLB) and an emulsifier that is hydrophilic in character is assigned a high
HLB number. The mid-point of that scale when used for alkyl ethoxylated
surfactants is ten (pp = 1). Numerically, initially HLB = E/5, where E is
the weight percentage of oxyethylene content. This was extended via a group
contribution to relative water and oil solubility for which the explicit formula
was the algebraic sum of group contributions [12] plus seven. In that scale, at
room temperature, HLB = 15 corresponds to a spontaneous packing parameter

of po = 0.4 [13].
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The reliable group method and scale for HLB (and therefore py) was ex-
tended [14, 15]. As noticed by Kunieda and Shinoda [16, 17] the w/o or o/w
structure was strongly dependent of temperature. Hence the HLB was no more
an intrinsic property of a given surfactant and solvent, but a property linked
to a special temperature. For nonionic surfactant, the oil solubility quickly de-
creases with an increase in the number of ethoxy groups of the polar part. It
was also noted that the HLB depends linearly on temperature around the Phase
Inversion Temperature (PIT) for which HLB is “optimal” (and HLB set to 1 or
10 depending on the authors [14, 15, 16, 17]). The PIT is also known by the
name of ”"balanced temperature” for which pg = 1. In addition to the size of the
polar part, it also depends on the nature of the oil. It was also quantified by the
notion of Equivalent Alkane Carbon Number (EACN) that takes into account
partial solvent penetration and mixing within the chains of the surfactant. Ta-
bles of the effect of solvent penetration are available [18]. Finally, since salinity
plays a role in the area per molecule due to the Debye screening of charges in
the head-group, the idea of HLB was extended including salt and cosurfactant
effects in a so-called Hydrophilic-Lipophilic Difference (HLD) that now depends
on the composition and salinity. For a given composition and nature of oil,
there is always a temperature for which the Debye screening compensates the
headgroup dehydration. In these conditions, HLD = 0, HLB = 7 and py = 1.
As noticed initially by Kunieda and Shinoda [16], temperature and salinity can
compensate. A convenient way to easily distinguish between spontaneous (in-
trinsic) and effective (sample dependent) packings is to make cuts through phase
prisms at constant content of surfactant, by varying the polar volume fraction in
the sample [17]. Spontaneous packing parameter pg is important in ternary sys-
tems, and also valid in binary systems for which it has been initially proposed.
The difference between effective and spontaneous parameter HLD [19] has been
efficiently extended into the concept of HLD-NAC (Net-Average Curvature) by
Acosta et al. [20].

The next step towards a predictive description was to assume that the mis-

match between effective and spontaneous packing of an incompressible film of
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molecular thickness that cannot be torn should be approximated by an elastic
free energy that is [21, 22, 23]

*

k
Fyrm = N?(p—po)z (3)

where N is the number of molecules in the film. We will call this model “Molec-
ular Film Model” (MFM). k*(p — po)? is the frustration bending free energy per
molecule. It is expressed in J (per particle), but can be equivalently expressed
in kJ.mol~! by multiplying it by 107NN, in order to be linked to a chemical
potential term. The same remark can be made for the bending parameter £*.
Considering the number of particles per unit of surface area ns = 1/a, Fyrm

can be expressed as an integral over the surface S:

Fyvrm = // ns%(? —po)* dS. (4)

This approach allowed the immediate build-up of a molecular theory of curvature
elasticity in surfactant films in a seeding paper that is still in use implicitly or
explicitly in hundreds of papers [24].

The validity of this MFM approach corresponds to the one of the packing
parameter p. The spontaneous geometry of the surfactant molecules is supposed
to be described by this single parameter. Very often, the polar part is more rigid
and much smaller than the carbon chains. Thus, the free energy corresponds
to the reorganization of the chains in the environment. Molecular dynamics
simulations can justify [25] this expression (4). The harmonic approximation is
found to be valid as long as the variation of p are not too important (typically
less than 10-20 %).

Sometimes, when co-surfactants are present, neither the area per molecule
nor the surfactant film thickness are known. In the field of oil recovery mi-
croemulsions are formed with at least three times more molecules of pentanol or
hexanol than the actual surfactants used in the formulation of the microemul-
sions [26, 27, 28]. In these cases, neither the area per molecule nor the surfactant
film thickness is known. Unlocated "neutral bending planes” of an infinitely thin

interface located somewhere in the surfactant monolayer of unknown amount per
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unit volume of sample and the associated elasticity were defined in kg7 unit
of energy. This proved useful in cases for which entropy as well as enthalpy
originating in bending energy could be easily evaluated. Only two phase dia-
grams could be predicted within this approximation, expressing entropy as well
as film bending in reduced units. Also, the predicted scattering peak position
is wrong except the degenerate case where oil and water volumes are equal [29].
In these cases where the area per molecule and the surfactant film thickness are
not taken into account for the interface description, the MFM is replaced by a
Thin Film Model (TFM) for which the interface is only characterized by the
radii of curvatures. Mathematically, the TFM has some advantages since it is
an expansion valid at low curvature i.e. when curvature radii are much larger
than the molecular film thickness. This ”locally lamellar” case (also called “low
curvature”or high internal phase microemulsion (HIPM) or asymmetric sponge)
corresponds to the situation where p — 1 — 0. In this case, the expressions in-
troduced by Gauss in differential geometry valid for thin shells and initially
developed for describing smectic liquid crystals and stacks of bilayers were ex-
tended to slightly bent monolayers by Helfrich [30, 31, 32] in the case of flexible

microemulsions [33]. In this case, the free energy is approximated as :

Frem = // {g(cl + co — 200)2 + Rclcg] ds (5)

where ¢; and ¢y are the local principal curvatures. These Gaussian curvatures

are split like in the MFM, in a “spontaneous” and an “effective” value. The

a+
2

mean curvature €2 is considered and it is very important because it is linked
to the preferred number of first neighbours in the film: this number can be
more than 6 or less than six, leading to droplet or saddle-splay morphologies
[34]. Traditionally, the role of the Gaussian curvature cjcs is neglected: handles
and genus of volumes are considered to have negligible impact on free energy.
Within this thin film approximation, the two bending constants x and & are
energies and can be expressed in kg7T. These two bending constants x and &

are not independent from each other, since the condition of untearable film must

be met [35]. Mathematical relations become simpler and have been described
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in detail by Safran [36]. ¢y represents the spontaneous curvature of the film.

Within the MFM, the bending constant k* is expressed in units of kJ.mol ™!
or kg1 per molecule and therefore are additive to chemical potentials. Predic-
tions can be compared explicitly to physical properties related to formulation
of micelles and microemulsions. Within the TFM, bending constants x and &
are not extensive quantities since they are related to the free energy per unit
of surface. These reduced units are also used sometimes in reporting results of
MFM experimental studies and mixed up with molecular quantities due to the
fact that the order of magnitude is between 3 and 30 kgT in MFM as well as
TFM model context.

The Helfrich expression (5) used in the TFM corresponds to the expansion
of the free energy as a function of the local curvatures ¢; and co. More precisely,
it corresponds to first and second order terms. A constant zeroth order term
can be added; it is generally omitted because it can be included in the surface
tension. Thus, the expression is valid if the interface is thin, in the sense that
the radii of curvatures 1/¢; and 1/c¢o have to be much higher than the molecular
scales. Similarly, the spontaneous curvature term 1/c¢y should also be large in
order to apply eq. (5). Nevertheless, this condition is not rigorously necessary.
If 1/cg is close to the molecular scale, the Helfrich expression can still be used if
c1 and ¢o are small enough, but ¢y cannot be interpreted in terms of spontaneous
curvatures, because if the interface is bent up to this value for ¢; and ¢z, higher-
order terms become important, and there is no guarantee that the free energy
is still minimum for this curvature c¢g.

The aim of this review is to define precisely the frustration free energy and
express it either within MFM theory or TFM approximation. The conversion
of the TFM model characterized by ¢y, k and & to the MFM model charac-
terized by py and k* depends on the topology. The conversion formulae and
the corresponding graphs are given to allow a easy conversion between the two
models. Finally, some consequences in understanding literature on water poor

w/o aggregates will be given.
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2. Theory of frustration energy in reduced and chemical units

The relation between the MFM free energy given by eq. (4) and the TFM free
energy given by eq. (5) depends on the considered geometry. Let us calculate
these relations for the geometries represented in Figure 1. The location of the
interface is represented by a red line. Throughout these theoretical calculations,
the curvatures ¢; and co will be counted positive in the direction of the confined
phase. Thus in any case, ¢; > 0 and ¢y > 0, but the sign convention depends on
the geometry (positive curvature towards water for inverse micelles and positive
curvature towards oil for direct micelles).

Case a) corresponds to a spherical inverse micelle. In that case, pg > 1.
Considering the sign convention of the curvatures, ¢y > 0. The aqueous part
corresponds to the aqueous phase together with the polar heads. It is embedded
in a spherical shell of radius R;. Beyond R; there is the organic (oil) phase.
The carbon chain of the amphiphilic molecules at the interface are in a spherical
shell between Ry and Ry = Ry +0. The latter distance § = Ry — Ry = (L) is the
average length of the carbon chains. The relation between the two free energies
(4) and (5) is obtained by identifying the expression around the equilibrium state
(for which Frgy and Fypm are minimum) when R; varies. For the spherical

inverse micelle represented in Fig. 1 a), the TFM free energy (5) reads
Flon = 8mk(1 — coRy)? + 4nF. (6)

The MFM free energy (4) is
. 2

Fyipm = 747TR%2nSk (1 + Ril + 35];% - PO) . (7)
Both formula (6) and(7) yield a minimum as functions of Ry. The values of Ry
for which the free energies are minimum follow respectively coR; = 1 for (6)
and po =1+ R% + % for (7). Therefore the relation between the spontaneous
curvature cg of the TFM and the spontaneous packing parameter py of the MFM
reads:

1
po =1+ cod + gcg(SQ. (8)
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In the same way the identification of the second derivatives around this

minimum yields the relation between the bending parameters:

_ 4 1 )

6% (1 + 26¢0)%°

*

These relations between (cg,x) and (pg,k*) are given in Table 1 together with
the inverse formula. The Gaussian bending parameter £ cannot be obtained in
that case because it only corresponds to a constant term in the free energy (6).
Indeed, the Gauss-Bonnet theorem allows the direct calculation of the Gaussian

curvature term in eq. (5) for a compact surface:

// Rcieo dS = 27k (10)

where x is the Euler characteristic of the surface (x = 2 for a sphere). The
role of K consists in adding a term which only depends on the topology of the
surface. Thus it cannot be obtained from a procedure for which the latter is
constant.

It should be emphasized that the equivalence between the two formula (4)
and (5) obtained here is calculated for a given number of particles per unit
of surface area ng and a given chain length 6. Indeed the two parameters are
assumed to be constant when the shape of the surface is modified. The exact
values of ns and § depend on further terms in the free energy. As a matter of
fact, the minimization which defines the equivalece of the two models is not a
global physical minimization of the free energy. Surfactant molecules are added
or removed when the radius change and they are taken from a state where they
have their spontaneous shape for which the free energy is assumed to be zero.
This reference state is valid for the comparison of the two formula (4) and (5)
because it is the same, but in a real system it does not exist: the surfactants
have to be taken from another state so that the global free energy minimum
may correspond to another geometry. A similar remark can be made for the
amount of the aqueous phase incorporated in the polar core which depends on
the radius R;.

For a system for which the spontaneous curvature is zero (co =0 <= pg =
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1), the TFM yields a somewhat paradoxical result. Indeed, the free energy (6)
becomes Fé¢py = 4m(2k + K) so that the frustration is mathematically inde-
pendent on the radius! Bigger spheres have more surfaces and therefore more
surfactants but they are less curved so the two effects compensate each other
exactly. On the other hand, in the frame of the MFM, the corresponding free
energy (7) reads Fiypy = 2mngk* 6> (1 + ﬁ)% The frustration increases with
the curvature. Correspondingly small reverse micelles are difficult to obtain due
to their large cost in kJ.mol~!.

A similar calculation can be done for a cylindrical inverse micelle represented

in Fig. 1 b). In that case the two free energies (per unit of length) are

K
fTb‘FM = E(l - 26ORl)2 (11)

and

2T Ringk* 1 2
fll\)AFM:% <1+—p0> .

SR, (12)

The identification of the radius R; for which the free energies are minimum and

the identification of the second derivatives yields:

po=1+cod (13)
and
N 4K

These relations between (cg,x) and (pg,k*) for a cylindrical inverse micelle are
given in Table 1 together with the inverse formula.

The calculation in the case of the same geometries, spherical and cylindrical,
can also be done for direct micelles represented in Fig. 1 ¢) and d). In that
case, po < 1 (but we still have ¢y > 0 because of the sign convention for the
curvatures). The identification of the two free energies thus gives in the same
way the link between the parameters of the two models. The results are also
presented in Table 1 for both directions of conversion. Again, as the surface
topology is not changed in the minimization procedure, it is not possible to

obtain an expression for .

10
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The situation is different if we consider a general surface characterized by
the mean and the Gaussian curvature H = %(cl + ¢) and K = c¢jco. The
situation is represented in Fig. 1 e). The local packing parameter p of the
interface molecules is related to the volume confined at a distance ¢ from the
interface. Following Gauss theorem, a small surface S at the interface, when
translated perpendicularly at a distance x from the interface in the direction of

oil is modified and becomes:
S' = S(1+2Hx + Ka?) (15)

By integration between x = 0 for which the surface is S to £ = § for which the
surface is S' = S(1+2HJ + K§?) we get the estimated molecular volume of the

chains:

§ 3
Vi = / S(x)de =S (5 + H& + K‘;) : (16)
0

Hence
2

Vin )
=—=1+Ho+ K—. 17
p=g5 =1+ HI+ Ko (17)
The resulting MFM free energy (4) per unit of surface is

ngk*

52 2
Feong = (1 +HO+ K~ po) . (18)

The corresponding TFM free energy (5) per unit of surface reads
fopnm = 26(H — ¢9)? + RK = 26H? + 2rc2 — 4rcoH + RK. (19)

where the curvature sign convention is the one of inverse micelles (positive curva-
ture toward water). The two equations (18) and (19) are not exactly equivalent.
The constant terms correspond to surface tension so that they do not give in-
formation for the curvature effects but there are further differences. Following
the original derivation by Helfrich, the equation (19) can be understood as an
expansion of the free energy as a function of the curvatures for which only the
linear and quadratic terms in H, H? and K are considered. Such terms are also
present in (18) together with higher order terms proportional to K2 or HK.
These terms are beyond the TFM. By identification of the terms proportional

11
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to H, H? and K in (18) and (19) we obtain the following general expression

linking the coefficients of the two models:

4k 3K
po=1+4+cod and k*= a0 = T hcod® (20)

In the opposite sign convention for the curvature (positive curvature toward oil),

we have
4k 3Kk
=1-—1cpd d k¥ = = —Q 21
Po 00 an ngd2  mgcpds (21)

These relations between (cg,x,%) and (pg,k*) for a general surface (in the limit
of low curvature which is the one of Helfrich free energy (5)) are given in Table
1 together with the inverse formula. In any case, a relation between the mean

bending rigidity and the Gaussian bending rigidity is obtained:
4(po— 1)k + 35 =0 (22)

k and K have opposite signs for inverse micelles pg > 1. In that case, £ < 0. The
Gauss-Bonnet theorem implies that separated small micelles are preferred. On
the other hand, for direct micelles, pyp < 1, & > 0 and bicontinuous microemul-
sions are preferred. For a flat interface, as indicated in Table 1, the Gaussian
bending rigidity is zero: & = 0.

The MFM predicts a relation between the two bending constants x and &
of the Helfrich Hamiltonian used in the TFM. If the MFM is valid, only two
physical quantities are enough to characterize bending of interfaces. Therefore,
a relation exists between the three quantities that define the Helfrich free en-
ergy. It should be noted that this relation (22) does not belong to the Helfrich
description. A molecular parameter is necessary to link £ and & (it can either
be po or 4). This prediction of the MFM can hardly be tested because of the
difficulty to measure %, though. In the most precise determination of bending
constants available up to now in the literature, light scattering, neutron scat-
tering as well as surface tension were used jointly in a known phase diagram
and for a known specific area of water/oil contact area per unit volume of same:

even in this case [37], only the experimental value of 2k 4+ & could be measured.

12
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The relations between the parameters of the TFM model (cg,k,%) and the
one of the MFM (pg,k*) are represented in Fig. 2. Globally the cylindrical
geometry coincides with the case of general surfaces. The bending energies k*
and k are in that case directly proportional. They are equal if the area per
molecule ag = 1/n is §2/4. The spherical case magnifies the dependence in cod.
The spontaneous curvature c¢q is typically in the order of 1/6. When § — 0, the
molecular film is thin, and the spontaneous curvature can be very large.

As long as c¢gd is not negligible, the link between the two models depends
on the geometry. Spheres are not equivalent to cylinders. The difference comes
from the fact that when 1/cg ~ § the Helfrich Hamiltonian used in the TFM in
not valid when the curvature is around ¢y because the curvature radii are not
bigger than the molecular length d. There is a possibility of inconsistency when
the same Helfrich parameters are used for all the geometries. The MFM is free

of this problem.

3. Current state of knowledge

The theoretical section described the link between the infinitely thin film
model TFM and the more realistic molecular film model MFM. The generality
of a model can be evaluated via the predictive power on all distinct observables
that can be experimentally determined [11]. In the case of microemulsions, these

are mainly:

e the phase diagrams of phase prisms versus several projections. Triangular
phase cuts at constant temperature or surfactant to co-surfactant ratio
that are supposed to be made for constant spontaneous packing, “fish-
cut” , “chi-cuts” , “Lund cuts” or formulator’s cut have been established,
sometimes in great details by identifying tie-lines. Three dimensional rep-
resentations with regions with two and three phases are very difficult to
draw since tie lines and triangles coexist. Initiated by Shinoda[17] in the
seventies, three different “cuts” of the phase prism became common prac-

tice: a triangle for constant spontaneous packing determination, the “fish

13



Inverse Microemulsions: Curvature toward Water pg > 1
S po=1+cod+3c30? <<= o= (VI2po —3—3)
phere -
_ 4 1 _ n.8% 1
k* = 715’;2 EEIE — K=" x (p _ Z)
po=1+ cod — Cco = %
Cylinder . i no 52kt
k= 75 = k=7
p0:1+60(5 g CO:Poé—l
_ * 201 *
General | k* = % = —ni’;&?, = K= # and Kk = M
degbr + 3k =0 <= 4(po— xk+ 3k =0
Direct Microemulsions: Curvature toward Oil py < 1
Son 11)0:1—00(5—1—%0362 <= 00:%(3—\/12])0—3)
4 1 8%k 1
K = e itsgy T k=5 (-3
po=1—cod = Co = 1_5p0
Cylinder * 4K nsd2k*
k* = s = = 7
po=1—cod = co = 1_6170
_ * 201 _ *
General | k* = 7,”4?;2 = nsi§53 = kK= L‘fk and i = 0 (L-POR” (13 POk
—4cgdk + 3k =0 < 4(po — 1)k + 3k =0
Flat interface: po =1
In all po=1 < ¢ =0
Cases k* = n‘i’EQ <— K= # and K =0

Table 1: Link between the parameters co, k, and % of Thin Film Model (TFM; based on the
Helfrich Hamiltonian and on the concept of curvature) and the parameters po and k* of the
Molecular Film Model (MFM; based on the concept of packing parameter p). By convention,
the spontaneous curvature cg is counted positively towards water in the case of direct systems

and towards oil in the case of reverse systems. Thus we always have co > 0.

cut” when determination of phase inversion temperature and efficiency
is searched for, and the chi-cut which enhances the differences between

effective and spontaneous packing.
33 e the neutron (SANS) or X-ray scattering patterns [38]

e the electrical conductivity , as well as molecular diffusion coefficients de-

14
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termined by NMR [39]

Other quantities, such as viscosity, turbidity, ultra-sound absorption, osmome-
try, surface tensions [40] are less frequently reported in a systematic way, but
still relevant to test models.

A useful classification of the different classes of ternary solutions containing
at least one surface active component is the distinction between rigid (k* >
10 kJ.mol™1) | flexible (k* = 1 — 10 kJ.mol™!), ultra-flexible (UFME) and
“poorly structured microemulsions”. In the two latter, the bending of the sur-
factant film does not play a detectable role. In the first one, temperature effects
are not dominant and therefore film bending does not play a role. The TFM as
well as the MFM are useful only to the class of flexible microemulsions.

Using ternary phase diagrams combined to scattering (peak position, power-
laws at extrema as well as absolute cross-sections) is the most stringent test for
the validity of the prediction of a model. Moreover, most experimental tests
have been made in the degenerated case of 50% water and 50% oil where most
derivatives cancel.

The most popular experimental system is the one of hydrocarbon polyethoxy-
lates CiEj linear surfactants. The most studied case is when “j“ is approximately
half of “i”. This ensures that ¢g.0 ~ 0, as is HLD. The temperature is a conve-
nient way to vary spontaneous curvature, as in the fish-cut established by Strey
and co-workers [41], or in triangular cuts at constant temperature introduced in
the seventies by Per Ekwall and co-workers [42], or in the Lund-cut [43]. The
fish cut keeps water and oil volumes equal while the Lund-cut is plotted versus
active materials, i.e versus solvent plus solute. The Phase inversion Temper-
ature (PIT) with minimal amount of surfactant and equal amount of water is
easy to determine. At this point, the spontaneous packing parameter as well as
the effective packing parameter are both close to one. Near this balanced PIT
point, the TFM expansion is approximately valid, provided that the curvature
radius of the interface is large versus the interfacial thickness that can therefore

be determined.
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When curvature frustration and entropy of the film are the two only mecha-
nisms competing, and in the absence of any other source of chemical potential,
the Helfrich approximation of the TFM, originally devoted to bilayers can be
used as a fair approximation. To our best knowledge, the ternary phase diagram
resembles qualitatively to the one predicted by the MFM model for the “uni-
versal” case of the special surfactant C10E4 picked out at 44.6 °C +1 °C and
with octane as the oil [44]. Only in this case, the only phase competing with
the microemulsions is an oil-swollen lamellar phase. Close the PIT temperature
and with nearly equal amounts of water and oil, the position of scattering peak
is predicted by Milner and co-workers [45], but it fails by 20% for other wa-
ter/oil ratio. Another reason for failure of prediction of the TFM is the usage of
Helfrich approximation when curvature radii are only two to three times larger
than film thickness (i.e. surfactant length). The expansion in curvature is only
valid in practice when the concentration of surfactant is at most a few gL' :
to our best knowledge, this situation where Helfrich approximation is valid has
been obtained experimentally only once in the thousands of papers describing
microemulsions, using the ultra-long non-ionic surfactant C16E6 [46].

In all other cases, some other chemical or long range enthalpic or entropic
mechanism come into play, and the TFM fails. The MFM model associated to
a quadratic form of the free energy of bending is the only one who can be com-
pared to experimental results. As a first general success of the MFM model, local
microstructures such as connected cylinders or locally lamellar microstructures
[47, 48] that are predicted by the MFM model (but not by the TFM model) have
been clearly identified in the ternary phase diagram [49]. This extraordinary
success has helped to popularize cuts in phase prism, and the distinction be-
tween spontaneous and effective packing in the formulation of microemulsions.
The formulation rules were found to formulate microemulsions using lipids as-
sociated to co-surfactants for pharmacy [50], as well as formulation in cosmetics
and home-care including only components allowed and still incorporating large
amounts of fragrances in microemulsions [51].

All these progresses were based on determination of the stiffness of the inter-
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face, and hence the resilience of the formulation versus added solutes. Added so-
lutes can modify the volume fraction as well as the area per surfactant molecule,
and hence the spontaneous packing: this has been demonstrated by Pileni and
co-workers [52].

The table 2 below lists the available values for all the bending constant
established in the literature up to now. They are given in kJ.mol~!. The exper-
imental method of investigation used is also indicated in the Table. Contrary to
the available determinations of the monolayer bending rigidity, there are only
very few experimental evaluations of spontaneous packing: only the points for
which py = 1, (or HLD= 0 in chemical engineering literature) are known. So
a general test of TFM is not yet possible in the current state of knowledge.
This is in our opinion, a domain that will expand quickly , due to its industrial

importance.
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Surfactant ao = 1/ns K 0 =V:/ao k* cod | Source
nm? kT nm kpT and kJ.mol ™!

C6E2 0.42 0.44 0.48 3.2 ~0 [53]
in n-octane persistence length 8.0 kJ.mol~1t
C8E3 0.48 0.57 0.53 3.9 ~0 [53]
in n-octane persistence length 9.7 kJ.mol— 1!
C10E4 0.54 0.73 0.56 5.0 ~0 | [54] [53]
in n-octane persistence length 12.5 kJ.mol~1
C12E5 0.60 0.92 0.59 6.3 ~0 [53]
in n-octane persistence length 15.6 kJ.mol~1
C12 generic 0.40 2 1.8 1.0 ? [24]

molecular modelling 2.4 kJ.mol~1
W/O microemulsion 0.58 0.5-5 1 0.78 - 1.8 0.33 [55]
AOT /water/isooctane inconsistent with 1.9 - 19 kJ.mol™1 [56]

phase diagram
DMPC monolayer 0.7 0.56 £0.06 1.53 0.67 ~0 [57]
(29C) hexagonal swelling 1.7 kJ.mol 1
SDS monolayer 0.7 1.22 2 0.96 0.5 [58]
o/W co-surfactant cubic swelling 2.4 kJ.mol~1
quantity unknown

TDMAO/octanol/decane 0.5 2.5 1.24 16 0.83 [37]
d22/D20 generic droplet polydispersity 40 kJ.mol~1
+pentanol 0.7 1 1.22 3.8 0.2
(unknown mole ratio) droplet polydispersity 9.5 kJ.mol~1t
Water/DDAB/cyclohexane 0.7 0.5 1.1 0.65 0.5 [59]
in diluted regime droplet polydispersity 1.6 kJ.mol™!
W/O spheres
Water/DDAB/dodecane 0.7 > 3.3 1.8 > 29 0.2 [60]
W/O cylinders phase boundary 7.1 kJ.mol™?!
Water/DDAB/tetradecane 0.7 > 3.3 1.8 > 29 0.1 [61]
quasi planar phase boundary 7.1 kJ.mol ™!

Table 2: Summary of published values for bending constants determined within the infinitely
film model (TFM) and the molecular film model (MFM). Conversion of x in reduced units
related to bending of a virtual bent surface located at an unknown position of the neutral
plane to chemical quantities k* which can be used to calculate macroscopic quantities such
as the phase diagrams (kJ.mol~1). This conversion requires the knowledge of the molecular
volume, the area per molecule ag, the molecular film thickness §, as well as the dimensionless
product co.d that is assumed to be vanishing within the Helfrich approximation of the TFM.

Values given in the Table are shown in bold fﬂrgthe reference (most studied) case and in italic

when not derived directly within the reference, but deduced from general knowledge.
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4. Application to water poor systems

Water-poor solutions of surfactants in non-polar solvents have been consid-
ered since a long -time under the name of reverse or inverse micelles [62]. When
no water molecules are present, the binary solution should be considered as “re-
verse” micelles if the solution is shown as being more structured than a regular
solution. The existence of “true” reverse micelles has been questioned, since the
presence of one or more water molecules per w/o micelle is needed to observe de-
tectable scattering coming from 4-6 molecules in the most known case (Dioctyl
sodium sulfosuccinate, AOT). In common laboratory experiments, these ”re-
verse micelle” are present as an extremely hygroscopic ternary solution that
even desiccates saturated calcium chloride: the equilibrium relative humidity
is so low that obtaining water-free solutions of AOT requires a glove box and
highly controlled dry atmosphere [62]. When water is present, the governing
quantity is the water/surfactant mole ratio [56].

In all cases described with the two most popular examples Na-AOT or
sodium di(2-ethylhexyl) phosphate (Na-DEHP), when w < 3 water molecules
per surfactant, the most accurate designation would be swollen reverse micelles.
Since water molecules are bound as a first hydration layer of the surfactant
head-groups, they do not move faster than the whole aggregate, no “internal
fluid” is detected [6]. The true microemulsion regime (i.e. an internal fluid
separated from the apolar solvent by an interfacial film) only start with w > 3
water molecules per surfactant. The easy access to purified AOT and H-DEHP
induces an enormous literature (more than 1500 papers since the initial ones
[63] by K Shinoda and H.F. Eicke). What is so special about AOT is that
the spontaneous curvature concept must be taken with care [64]. The chains
are branched, meaning a large entropic contribution to frustration and the area
per head-group varies by more than 25% if the head-group is uncharged or the
counter-ion dissociated. As a result, large domains of water-conducting lamellar
phases coexist not only with sponge phases, but also with closed w/o “droplet-

like” more or less coalesced dispersions at the same temperature. In reduced
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units, the bending constant is of the order of kgT', making AOT a perfect exam-
ple of a flexible microemulsion, but with a spontaneous curvature not controlled
by temperature, but by the dissociation of the sulfo-succinate head-group, i.e.
by the presence of added salts [65]. As a result of the knowledge of bending
energy in the presence of electrolytes as expressed in the MFM context, AOT
is the first system for which solubilization of electrolytes, such as amino-acids
has been measured [66, 67] and quantitatively understood [68, 69]. Water-poor
reverse aggregates of oil-soluble surfactants made of 4 to 20 molecules or even
bicontinuous connected cylinder structures are at the core of the vast majority
of liquid-liquid extraction as well as phase-transfer catalytic processes [70].

These water-poor aggregates do not correspond to true microemulsions, how-
ever the interfacial film is bent and we are frequently in the case where ¢g.d > 1:
the TFM approximation do not hold and the MFM concept of frustration of a
thick and bent monolayer has to be considered. Using the MFM, the first maps
of probability of occurrence of aggregates containing N extractant molecules
and H water molecules in the core of each aggregate could be deduced from
the free energy dependence of the composition, using the harmonic expression
of the frustration energy versus packing as a scalar. The valley of stability ex-
pressed by the weak w/o aggregation free energy in (N,H) coordinates for the
popular diamide extractant is shown in figure 3a. Figure 3b shows the resulting
distribution map. These distribution maps predict the “polydispersity” that is
linked to strong dampening in small-angle X-ray scattering (SAXS) and in small
angle neutron scattering (SANS) at high ¢, as well as the persistent differences
in aggregation numbers when measured by osmometry or scattering in absolute
scale [71, 72].

The weak w/o aggregates made of less than ten molecules are not easy to
characterise by SANS or SAXS, since the size of an aggregate is not clearly
different from the size of a molecule: the procedure of removing an arbitrary
“solvent” containing only monomers used in scattering evaluation is no more
precise. The main strategy is the comparison of scattering as predicted by

Molecular dynamics to the scattering observed experimentally [73].
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Duvail and co-workers have shown that within the MFM model, the wetting
by the solvent has to be considered explicitly in order to obtain harmonic ex-
pression of free energy versus packing [25]. In the case of diamides containing
lanthanides, a value for k* within the MFM of 40 kJ.mol~! with a spontaneous
packing of pg = 4.0 is obtained. Such a high-value of py explains that large
hydrated ions are less extracted than small dehydrated ions [74]. Three hy-
drocarbon chains or less cannot determine any “internal” volume. The case of
six chains in an aggregate made by three associated diamides has been consid-
ered [75], comparing short and long alkanes: “penetrating” or wetting solvents
induce an increase of the spontaneous packing parameter as well as a slight
increase in the bending constant. Figure 4 shows as an example, a trimer with
nine hydrocarbon chains wet by three different solvents. In the representation
showing carbons at their location versus center of gravity as black dots; the
stronger wetting of low mass alkanes of the chains that is visible in the figure
is also responsible of the stronger resilience versus third phase formation in real
processes that require process intensification [76].

The studies described up to now aggregates made by one kind of extractant.
It is well known in practice that using two extractants at an optimal mole
ratio allows extraction to be magnified by a factor 10 to 30 in efficiency as
well as selectivity. Solvent penetration in the highly curved surfactant film
has been shown to be part of the effect [77]. A general theory linking the
observed maximum of extraction to to the maximum of mixing free energy close
to equimolarity has been published very recently [78]. However, the enthalpic
part that can be evaluated from MD or even semi-analytically within the droplet
model should be investigated more. Figure 5 illustrates how the presence of
trivalent cations in the core of a reverse aggregate can change the microstructure
from globular reverse micelles to elongated structures that eventually connect
and induce strong changes in electrical conductivity of extractant solutions [79].
Even in the case of multivalent cations, specific effects beyond electrostatics are
of the same order of magnitude as surfactant-film frustration of bending and

cannot be ignored to understand liquid-liquid extraction|[80].
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5. Conclusion and outlook

Stiff and ultra-flexible microemulsions do not depend on a delicate balance
between enthalpy and entropy, since they are dominated by solvation terms
and steric hindrance. The most common ones in industrial application are the
flexible ones, when x* is between 2 and 20 kJ.mol~!. They are also the most
described ones in academic work.

We stress here that the condition that copd ~ 0 in order to be able to use
the Helfrich expansion is indeed very demanding. If one considers that the
assumption is valid if ¢pd < 0.1, in one dimension, this means that the radius
of “internal” fluid nanodroplets is ten times larger than the surfactant length.
In three dimension, it means that the volume of the droplet must be less than
0.1%: so the surfactant content is less than 0.1%. If the expansion of cg.0 is
accepted when it is less than 0.3, then the surfactant content should be less
than 3%: these conditions have hardly ever been achieved. The single example
[46] for which the specific area is also known has been given by Ishikawa et al.
in 2016. In this case, the harmonic expression for packing is consistent with the
scattering observed for flexible microemulsions, but not for ultra-flexible and
stiff microemulsions [38].

The scattering peak position is only predicted close to 50 % volume fraction
of water, where most models converge to the same value. Observations about
surfactants with complex flexible head-groups can only be explained with two
bending constants. Predictive modelling able to also predict scattering, phase
sequence and boundaries along dilution lines is still in its infancy. Why?

The first reason is that the spontaneous packing is taken as a scalar, inde-
pendent of ionic strength, counter-ion release and adsorption of co-surfactant.
Huge variations of £* and pg versus surface charge have been predicted twenty
years ago, but not yet verified experimentally [81]. As a consequence, no phase
prism have yet been superposed to free energy maps. The initial propositions
of perturbing ions by Leontidis [82] and antagonistic salts by Onuki [83] had re-

cently found a clear experimental verification [84]. Another reason is that most
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academic studies have been focused on a few molecular structures (C;E; /2, SDS
+ co-surfactant, DDAX, AOT...). When the headgroups are large as in the
case of alkylglucosides, the model with a single bending constant is not valid
and compatible with the non-spherical character of the diluted micelles [85]. A
extended MFM treatment dealing with two bending constants is mandatory.
Ubiquitous microemulsions heavily used in pharmacy, cosmetics, food indus-
try and cleaning industry are more mysterious than stars. Adding in the same
unit (kJ.mol~1), solvation, mixing entropy within given topological constraints
may however produce soon the first predicted phase prism cut that resembles to
an experimentally determined one. In any case this would require calculation of

bending free energy in kJ.mol~! as a function of a few measurable quantities.
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[21] @ This paper explains how a harmonic expression for bending frustration
energy has to take into account that molecular length cannot be neglected versus

curvature radii. Moreover, the fact that amphiphilic films cannot be torn is
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required to explain sequences of phases as well as morphologies observed semi-
quantitively for the first time.

[22] e Similarly to ref. [21] , but focused on microemulsions with molecular
size taken into account.

[23] @ Prediction of morphology for stiff and flexible microemulsions in asym-
metric volume fraction.

[24] ee Seeding paper showing that molecular sizes, applied to the hydro-
carbon thickness only, show the way to the derivation of free energy related to
bending, including entropy. This work addresses lots of questions still open as
today, even if more than hundred studies were based on the premises shown
here.

[29] e First experimental confirmation that prediction of peak position based
on Helfrich expansion at cyd of the order of 1 and at knowwn persistence length
fail in predicting the observed scattering spectra far from 50% volume partition.

[46] ee The first experimental example of a degenerated case close to 50%
water-oil volume with small spontaneous curvature larger than film thickness. In
that case, the Helfrich expansion and equation of state are used to derive a phase
diagram and scattering properties that resemble closely to the experimental
ones.

[48] o The position of the scattering peak of a microemulsion, as well as
the effect of local bending constraint of instability experimentally observed are
theoretically predicted for the first time using Gaussian Random Waves.

[56] ee The first complete quantitative evaluation of free energy for a ternary
microemulsion, making a complete theory starting form initial questioning forty
years ago, by H.F. Eicke [62] and M. Borkovec [55].

[37] e Experimental proof of the effect on bending energy controlled by ad-
dition of co-surfactant at a given mole fraction. This effect is now at the basis
of a vast number of practical formulations.

[71] @ The explicit derivation of a free energy valley of stability of water-poor
reverse micelles, explaining the long known discrepancy between osmotic and

scattering measures of average mass.
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s Figure list

Figure 1: Geometry of the calculated structures. a): spherical inverse micelle, b): cylindrical
inverse micelle, ¢) spherical direct micelle, d) cylindrical direct micelle, €) more general case

where any curved interface is considered.
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Figure 2: Spontaneous packing parameter po and ratio k* /s of the bending energy (4/ns6?
unit) as functions of cpd. Inverse microemulgigns (curvature towards water) and direct mi-

croemulsions (curvature towards oil) cases are represented.
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Figure 3: Potential surface of probability distribution (up) and standard Gibbs energy (down)
of water/extractant aggregates in oil as functions of the number of water molecules and the
number of extractant molecules (aggregation number) in the aggregate [71]. The dashed lines

indicate the shape of the valley of stability. Courtesy of M. Bley.
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Figure 4: ”Cloud” representation of a micelle consisting of Eu3t (green), three nitrates,
water and three DMDOHEMA extractant molecules in (left) n-heptane, (middle) n-nonane
and (right) n-dodecane. Courtesy of S. Stemplinger and M Duvail.

Figure 5: ”Cloud” representation of a water poor w/o aggregate in presence (right= 2Eu3t +
6 NO; 4+ 6 DMDOHEMA + 4 H20) or in absence (right=10 DMDOHEMA + 10 H20) of an
ionic salt. Same color code as in Fig. 4. The polar and non-polar cores are represented through
atomic cloud densities, that is, superposition of carbon (light grey), oxygen and nitrogen (dark
grey) atoms trajectories obtained by molecular dynamics simulations [73]. Courtesy of Ph.

Guilbaud.
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