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1. Introduction

The usual population model commonly used in fisheries is the logistic growth model extended to include catch
(see [1]):

dB B
— =1B{1—— | —qEB
dt K

where B is the biomass of the population, r is the intrinsic rate of growth, K (the carrying capacity) is the biomass the
population would tend toward if unfished, q is a catchability parameter describing the efficiency of the fishing gear, and
E is the fishing effort. Notice that C = gEB is the catch proportional to fishing effort E and to population size B. However,
it ignores the inherent environmental variability faced by fishers. It is more convenient to incorporate this random effect
into a model by changing the differential equation to a stochastic differential equation. As Brites et al. [2], the state of
Biomass B(t) is described by the following stochastic differential equation:
B(t

dB(t) = rB(t) (1 — %) dt — qE(t)B(t)dt 4+ o B(t)dW(t) (1)
where o is the positive constant volatility measuring the strength of environmental fluctuations, W(t) is the
one-dimensional standard brownian motion.
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Environmentally driven long-term changes in fish populations, which can play a major role in determining how such
populations respond to fishing pressure, are rapidly being recognized as a critical problem in fisheries science [3]. The life
cycle of African fish species of river is closely related to the seasons — reproduction almost always occurring just prior to,
or during, floods [4-6]. Floods appear to be essential for the completion of their reproductive cycle for most species: the
absence of floods due to the drought in the Sahel has caused a decline in fish reproduction in the central Niger Delta, the
Senegal River and Lake Chad (Stauch, personal communication). There is some evidence that flood intensity acts in favor
of reproduction, as it has been observed that the structured age class related to the high floods in the Kafu were more
varied [7].

In this view, we consider only two seasons in this paper: (i) the flood period with reduced fishing and intensive
reproduction, and (ii) the dry season with intensive fishing and reduced reproduction. This generates a drift and a volatility
depending of the season. If we denote flood period by 1 and the dry season by 2, the above SDE Eq. (1) of the state process
B(t) is extended to the following SDE which captures the regime switching:

B(t)
Kae)

where «(t) € {1, 2} refers to regime.
In [2] and [8], the instantaneous profit from the harvest of the population biomass denoted by 7 (B;, h;) is defined by:

(B, hy) = Pchy — c(By, hy) (3)

where h;(= qE;B;) is the volume of harvest, B; is the stock of the resource, c(B;, h;) is the cost function, and P; is the price
of the harvest at the time of decision making.

Many authors [8-10] considered the price of the harvest P(t) as a stochastic process. In this paper, we assume as
Kvamsdal et al. [9] that the price P; is a mean-reverting or Ornstein-Uhlenbeck process defined by:

dP; = 60(po — p1hy — Py)dt + opdWhp(t) (4)

where the positive constant parameters are, the reversion speed 6, the maximum price po, the slope of the inverse demand
curve p4, and the volatility of the spot price op. Note that the mean (or long-term) price po — p1h; may depend upon the
harvest level and Wp(t) is the standardized Brownian motion.

Authors [2,8,9,11-13] maximize the present value of the fisherman’s profit. More formally, they solve the optimization
problem, in the infinite horizon time, defined by:

dB(t) = Ta([)B(t) (1 — > dt — qa(t)Ea(t)(t)B(t)dt + O’a([)B(t)dW(t) (2)

+00
ma, / e Puoe(B,, hy)de (5)
0

where 8 > 0 is the continuous discount rate and e~#! is the opportunity cost of holding money in hands instead of
investing it.

These frameworks did not take into account the utility of the fisherman. In others words, they did not consider the
behavior of the fisherman with respect to risk. It is important to notice that the authors [14-16] find that all fishers are
risk-averse. Consequently, we will examine this problem of fishery using expected utility approach of the Mathematical

Economics. The main idea of this approach is to maximize the present value of the expected utility of the fisherman’s
1-y

profit. In this paper, we choose the constant relative risk-aversion (CRRA) utility function defined by U(x) = where

x signifies the lottery prize and y is the CRRA coefficient to be estimated: with y = 0 denoting risk neutralitgl/, y >0
indicating risk aversion, and y < 0 denoting risk loving [17].

In addition, the approach considered in Eq. (5) use infinite time horizon. This requires the existence of linear growth
conditions on drift part of the logistic process for our solution to hold, raising the question of whether another solution
may exist or not. Since, the time horizon also plays a crucial role in optimal policies, we consider in this paper the finite
time horizon T.

The main contribution of this paper is to study the fisherman problem in finite time horizon by using the expected
utility approach in the regime switching environment.

The outline of this paper is as follows. In Section 2, we describe the model setup and we formulate a stochastic optimal
control problem. In Section 3, we use the dynamic programming principle, under some additional assumptions, to prove
the continuity of the value functions and we derive that these are unique viscosity solutions. In Section 4, we apply
numerical method on optimal control problem to implement these value functions and we display some simulations
for optimal effort given values of (known and new) parameters. In Section 5, we give some concluding remarks. In the
Appendix, we prove some theorems, which allow us to derive the existence and uniqueness of the viscosity solution.

2. Mathematical model
2.1. Stochastic logistic growth model
Throughout this paper, (2, F, {Ft}tefo,17, P) is a complete probability space with a filtration {F;}co,1] satisfying the

usual conditions (i.e. it is increasing and right continuous while 7, contains all P-null sets). Let W(t) and Wp(t), t > O,
be scalar independent Brownian motions defined on this probability space.
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As we specify in Introduction, the stochastic model for biological growth that we use in this paper is defined by the
SDE (2). This equation can be rewritten as the following 2 equations:

dB(t) = f(t, B(t), i)dt + g(t, B(t), i))dW(t); i=1,2 (6)
where
) B(t) )
f(¢, B(t), i) = r;B(¢) (1 X ) — qiEi(t)B(t) and g(t, B(t), i) = oiB(t), (7)

with the initial condition B(0) = b such that 0 < b < K. In the following, we define more formally «(t) =i € {1, 2} and
its related parameters:

a(t) is a right-continuous-time Markov chain, 7;-adapted with finite state space S = {1, 2} and generator Q = (q;) €

R? x R? such that g; > 0 for i # j and ij:l gij = 0. We assume that the Markov chain «(.) is independent of the
Brownian motions Wp(.) and W(.),

To(r) intrinsic rate of growth in regime «(t),
Ky carrying capacity in regime o(t),
qu(ry catchability parameter in regime o(t),
Eq(t)(t) is the fishing effort which depends on the current regime «/(t),
oy is volatility in regime «(t).
Notice that we have
IRy xRy xS—>Rand g: Ry xRy xS — R.

The resulting stochastic differential equations do not satisfy the standard assumptions for existence and uniqueness of
solutions, namely, linear growth and the Lipschitz condition. Nevertheless, for any positive initial condition, the solution
exists and is unique under a hypothesis that both f and g satisfy the local Lipschitz condition. The solution of this equation
is (for more details see supplementary material)

t 1 t
K; exp [/ (ri — qiEi(s) — 012) ds + / ade{|
0 2 0
t s 1 s :
Ki/Bo’,' + ri/ exp [/ <T,‘ — q,'Ei(‘L') — 501-2) dr + / O','dwl—il ds
0 0 0

2.2. Optimization problem

B:i=

We consider, as the authors [2,18,19], the cost of harvest defined by the quadratic function in the effort:
(B, Er) = (c1 + E(1))E(t) (8)
where c¢1, ¢; > 0 are constants. By substituting this cost function in Eq. (3), the profit function becomes:
7(Be, P, E) = (qBcPr — 1 — 2E(£))E(L).
We introduce a performance criterion for each i € S denoted by V; and defined by: for a time ¢t in the horizon [0, T],
for b; and p; € Ry,

T
Vi(t, be, pe) = Epg pe.i [ / e =0y (BLYe, PLPe | E))ds + e PT—OV(BL™ )]
t

where U is crra utility function and E,, p, ; is the conditional expectation given B(t) = b, P(t) = p; and «(t) = i under P.
In the details we have

T t,be pt.pe N1—
w(Bs™, Pyt Es, i) Y _B(T—
Vi(t, bt,pt) = Eb[,pr,i |:/ e*ﬂ(sft) ( s s s ) ds + e B(T t)Vi(BlTJr ):| .
t

1-y
It is important to notice that V; is the objective function given the regime i, and the effort E(t) is the control process.
: (B, PP Eg, i)Y
Throughout this paper, we set: I(s, B&”, P*P ;. i) = (s 15 s 1) and m(T, Br) = Vi(B2).

4
Considering the initial data (tp, bo, po) = (0, b, p) the objective function becomes

T
Vi(0, b, p) = Eppi [ f e PSI(s, BY, PP, Es, i)ds + e #Tm(T, B’;)} : (9)
0

We say that the control process E(t) is admissible if the following three conditions are satisfied:
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1. the SDE Eq. (2) for the state process B(t) has a unique strong solution;

2. the SDE Eq. (4) for the state process P(t) has a unique strong solution;

3. Eppi [ fy

Throughout this paper, A is the set of admissible controls. Since the effort is bounded (for more details see [2]), A is the
set of admissible bounded controls.
The stochastic control problem is to find an optimal control E* € A4; such that:

vi(b, p) = sup Vi(b, p).
EcA;

ﬁtn(B?! Ptp’ Et‘7 i)17V
1-—

dt + ]e—f‘TV(Bl;)|] < 0.

3. Dynamic programming and viscosity solutions

The Hamilton-Jacobi-Bellman equations associated with this problem is a variational inequality involving, at least
heuristically, a nonlinear second order parabolic differential equations:

dv; (b, pr, E)VY
Ytbum)+SUD{—ﬁwU,m,m)+(tlmt)+£wu,m4%4:=0, (10)
ot EeA; 1—y
1—-y
vi(T, by, pe) = ' for ie{0,1}andk >0 (11)
-V

where £ is an operator defined by:
_ av; ov;
Lvi(t, b, pr) = 0(po — p1gEcb — pe)— ap “(t, be, pe) + f(be, Ee)— b (t b, pt)
1 8 v;
2 % ap? ab2
As it is well-known, there is not, in general, a smooth solution of the Eq. (10) hence we find the solution in the
viscosity sense, as introduced by [20], in Section 3.2. We denote by E;;, the regular optimal solution in the absence of
control constraints of Eq. (10). The optimal harvest E*(t) is a composite bang-regular-bang solution, consequently
0 if E(t)<0
E*(t) = Er*e(t) if 0 = E*( ) < Emax
Emax if Emax < E;Fe(t)

1
+= (t,bt,pt)+5g2(bt,5t) (f be, pe) + qij(vj(t, be, pr) — vilt, by, pr))- (12)

In addition to these, we know that the fishery is valueless if the population goes extinct and therefore add the condition
Vi(0, P;) = 0, which must hold for all P; and i.

3.1. On the regularity of value functions
In this section, we study the growth and continuity properties of the value functions.

We shall make the following assumptions: there exists p > 0 such that for all s, t € [0, T], b,b’ € Ry, p,p’ € R, and
EecA

(e, b, p, E)— I(s, b, p', E) + [m(b, p) — m(b, p")| < p[It —s|+ [b—b'|+|p—pl], (13)
and the global linear growth conditions:
|I(t, b, p, E)] + [m(b, p)l < p[1+ |b| + Ipl]. (14)

Lemma 3.1. For any k € [0, 2] there exists C = C(k, K, T) > O such that for all h,t € [0, T], b, p, bt, pr € Ry.:
k
EIBUY | < (1 + |be[%); EPYP < C(1+ [peb).
k k k k
EIB,” — b < C(1+ [be|“)h2; EIPP™ —pe|" < C(1+ Ipe*)h2.
; k
m#“—‘%|sam—mf;mﬁm—t“|<am—mﬁ
k k k k
E[ sup [B;™]" < C(1+ |b|*)h2; [wpwmu§cu+mmML

0<s<h 0<s<h
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Proof of Lemma 3.1 is available as supplementary material.

Proposition 3.1. For any i € S, the value function denoted by v;i(s, b, p) satisfies a linear growth condition and is also Lipschitz
in couple (b, p) uniformly in t. There exists a constant C > 0, such that

0 < vi(s, bs, ps) < C(1 + |bs| + Ipsl), V(s, bs, ps) € [0, T] x Ry x Ry
lvi(s, bs, ps) — vils, b}, p)l < C(lbs — by| + Ips — psl), Vs € [0, T1, by, b, € Ry, ps,p, € Ry.

Proposition 3.2. Under assumptions (13) and (14) the value function v € c°([0, T] x R4 x R..). More precisely, there exists
a constant C > 0 such that for all t, s € [0, T], b;, bs € Ry, pt, ps € Ry,

1
lvi(t, be, pe) — wils, bs, ps)l < C [(1 + 1bel + Ipells — €12 + |be — bs| + |pe — psl] .
Proofs of Propositions 3.1 and 3.2 are available as supplementary material.
3.2. Existence of viscosity solution

In this section, we will first define what we mean by viscosity solutions. Then we will prove that the value function
is a viscosity solution.

From the optimization problem given by Egs. (10) and (11), we have the Hamilton-Jacobi-Bellman equations as
follows:

v -y - av;
T: —— (&, b, pe) + sup | —Bui(t, by, pr) + +9(po — P1qEib; —p[)—(t, b, pr)
EcA;
b; 1 8 v; 022
#rbe(1= ) = b S b p)+ 507 e b p) + 507 24t b
+qu(vj(ta bf;pt) - Ui(t, b[7 pf)) }: 0. (15)

The corresponding pseudo-Hamiltonian has the following form:

(e D B B T
» S, Ds, Ps, Ui, asyabvap,abzyapz

7 (bs, ps, Es)1_y

Bu
1(5 bs, ps) + sup { —Bu(s, bs, ps) + 1

+ Lui(s, bs, ps) }: 0.
ds EeA;
We have the following systems:
. du; du; du; d%u; d%u ,
H (l»sy b57p57 uls 71 aibl aipl Wzla ap l) = O for (l7 S? b57p5) € S X [07 Tl] X R-I- X IR"’

1
(Tbs,Ps)—KVS for i,je€{0,1} k > 0.

We recall that
70 (Bs, Ps, Es) = (qBsPs — c1 — C2E(s))E(s).

In order to study the possibility of existence and uniqueness of a solution of (16), we use a notion of viscosity solution
introduced by [20].
Let denote the set of measurable functions on [0, T] x R, x R, with polynomial growth of degree g > 0 as,
Cq([0, T] x Ry x Ry)
={¢ : [0, T] x Ry x Ry, measurable | 3C > 0, |4(t, b, p)| < C(1+ |b|? + [p|")}.

Definition 3.1. We say that u; € ([0, T] x R, x R,) is called

i. a viscosity subsolution of (16) if for any i € S, ui(T,b,p) < «V 53— b —~ forallb € Ry, p € Ry and for all functions

¢ € 22([0, T x Ry x Ry)NC([0, TI xRy x R,) and (&, b, p) such that u; — ¢ attains its local maximum at (t, b, p),

_ T L o= 2 n
ap(t, b, p) 94(F, bp) dp(t, b, p) 8°p(t,b,p) 8 <i>(p2 ))20’ (17)

# (it b, p, $(t, b, p), , , ,
< P @(t.b.p). =5 ob op ab? 9
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ii. a viscosity supersolution of (16) if for any i € S, ui(T, b, p) > k¥ 2—, for all b € R,, p € R, and if for all functions
¢ € CcP22([0, TIx Ry x Ry )NC([0, T] x Ry x R,) and (¢, b, B) such that u; — ¢ attains its local minimum at (t, b, p),

s ob ap oz’ d

<0, (18)

b d b, 0 92 92 b,
H(i,t,b,p, #6.b.p). d¢(t,b,p) 8e(t,b,p) d¢(t,b,p) 8°4(t, b, p) mpz, p))

iii. a viscosity solution of (16) if it is both a viscosity sub- and a supersolution of Eq. (16).
Theorem 3.1. Under assumption (13), the value function v is a viscosity solution of Eq. (15).
Proof of Theorem 3.1. See Appendix A.

3.3. Comparison principle: uniqueness of the viscosity solution

In this section, we prove a comparison result from which we obtain the uniqueness of the solution of the coupled
system of partial differential equations. In proving comparison results for viscosity solutions, the notion of parabolic
superjet and subjet defined by Crandall, Ishii and Lions [20] is particularly useful. Thus, we begin by

Definition 3.2. Given v € C°([0,T] x R x R x S) and (t, b, p,i) € [0,T) x R X R x S, we define the parabolic superjet:

7>2’+v(r,b,p,i):{(c,q,M)eRszsz us, b, p',i) < u(t, b, p, i)

+c(s—t)+q.((b' = b), (p' —p)) + %((b/ —b), (p — p))-M((b' = b), (p" — p))

+o(|((b' = b), (p' = p))I*) as (s,b,p) — (t,b,p)}
and its closure:
P> Hu(t, b, p,i) = { (c.q. M) = lim (cy. gn. M)
with (¢, qu, Mn) € P> 0(ty, by, pu, i) and
lim (ta, b, pu, v(a, b, pu, 1)) = (€, b, p, v(t, b, p, 1)) } .

Similarly, we define the parabolic subjet P>~ v(t, b, p,i) = —P>*(—v)(t,b,p,i) and its closure P>~ v(t, b,p,i) =
—P=H(—v)(t, b, p, ).

It is proved in [21] that

P2+ (e, b, p, i) ={< ¢

3¢ b P ). D py(t. b. p. 1), D, (¢, b, p, 1)

and v — ¢ has a global maximum (minimum) at (¢, b, p, i) >} .
The previous notions lead to new definition of viscosity solutions.

Definition 3.3. u; € c%([0, T] x R% x R?) satisfying the polynomial growth condition is a viscosity solution of (16) if

(1) for any test-function ¢ € c*>2([0, T] x R% x R%), if (¢, b, p) is a local maximum point of u(., .,.) — ¢(., ., .) and if
(c,q,L1) € P>*u(t, b, p, i) with ¢ = 3¢(t, b, p)/dt, ¢ = D pé(t, b, p) and L; < D(zb,p)c/)(t, b, p), then

i (is b o E)u,» du; du; %y 9%y <0
9y 7ps 1 ?)b 3p abzs apz —_ )

in this case u is a visc051ty subsolution;
(2) for any test-function ¢ € ([0, T] x R* x R%), if (t, b, p) is a local minimum point of uy(., .,.) — ¢(., ., .) and if
(c.q,Lz) € P>~u(t, b, p, i) with c = 3¢(t, b, p)/3t, ¢ = D pyé(t, b, p) and L, > Df; ,¢(t, b, p), then

S bpo i 5 e 5 abz’ap :

in this case u is a viscosity supersolution.
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The authors [22] proved that Definitions 3.2 and 3.3 are equivalent. The second definition is particular suitable for the
discussion of a maximum principle which is the backbone of the uniqueness problem for the viscosity solutions theory.
Before state next lemma, we first introduce the inf and sup-convolution operations we are going to use.

Definition 3.4. For any usc (upper semi-continuous) function U : R™ — R and any Isc (lower semi-continuous) function
V:R™ - R, we set

R*[Ul(z,r)= sup {U(z) e Z—2)— |Z — z| }
12—z|=1 2

Ry[VI(z,r) = inf {V(Z)—}-r (Z-2)+ 1z —z|}
=zl 2a

R¥[U](z, r) is called the modified sup-convolution and R,[V](z, r) the modified inf-convolution. Notice that R,[V](z, 1) =
—R*[-U](z, ).

Lemma 3.2 (Nonlocal Jensen-Ishii’'s Lemma [22]). For any i € S, let ui(., ., .) and vi(., ., .) be, respectively, a usc and Isc function
defined on [0, T] xRy xRy and ¢ € ¢22([0, T1xR2 x R2)NCo([0, TIx R2 x R2) if (T, (b1, p1), (b, P2)) € [0, TI x R2 x R2
is a zero global maximum point of ui(t, b, p) — vi(t, b, p') — é(t, (b, p), (b, p')) and if ¢ — d = Dy¢(t, (b1, p1), (b2, P2)),
q == Dy pyd(E, (b1, 1), (b2, P2)), 1 := —Dyy p)d(E, (b1, P1), (b, Pa)), then for any K > 0, there exists «(K) > 0 such that, for

any 0 < a < «(K), we have: there exist sequences t;, — t, (by, px) — (Bl, p1). (b, p) — (132, D2), qx — q, 1y — 1, matrices

My, Ny and a sequence of functions ¢y, converging to the function ¢, = R*[¢1(((b, p), (b', ")), (q, 1)) uniformly in ]Rﬁr X ]Ri
and in C*(B((t, (by, p1), (b2, P2)), K)), such that

ui(t. (b pi) = wi(t, (b1, 1)) wilti. (by. pL)) = vi({, (ba. B2))
(tk, (bi, pi), (b, py.)) is a global maximum of ui(., (-, .)) — vi(., (-, .)) — &(., (., ), (., .))
(Cks Grs M) € P> ui(te, (bk, pr))

(—dg, Tk, Nk) € P>~ vi(te, (b, PR))

1/(1 0 M, 0
_; <O I) = ( Ok _Nk> = D(Zb,p),(b/,p/)d)(tka (bkv Pk), (b;<s p;))

Here ¢, — de = Vig(ti, Ebk;Pk), (bl D)) G = AV(Q,p)d)(tk»(Abk’pk)a (bL,PL)} e = Vi p®(t (b, pi). (b, pi)) and
¢Ot(tv (blv ﬁ])a (bZa 132)) = ¢(tv (blv 13])5 (sz ﬁz)): Vd)ol(t’ (bh ﬁ])v (b27 132)) = V¢(ts (bls ﬁ] )7 (bZa 132))

We refer the reader to the mentioned paper for a proof. Now we can state our comparison result.

Theorem 3.2 (Comparison Principle). If u;(t, b, p) and vi(t, b, p) are continuous in (t, b, p) and are, respectively, viscosity
subsolution and supersolution of the HJB system (15) with at most linear growth, then

ui(t, b, p) < vi(t, b, p) for all (t,b,p,i) € [0,T] x Ry x Ry x S.

Proof of Theorem 3.2. See Appendix B.

The following corollary follows from Theorems 3.1 and 3.2.
Corollary 3.1. The value function v is a unique viscosity solution of Eq. (15) that has at most a linear growth.
4. Numerical approximation and simulation

To numerically approximate the optimal effort, we use the parameter values (r1, K1, q, Emax, Bo, Do, B, €1, C2) from [2]
and (6, po, p1, 0, o) from [9], to which we add assumed parameter values (T, 12, K3, , Byin and y ). We get Table 1. Notice
that we did not consider rigorous statistical methods to estimate stochastic parameters.
4.1. Monotone finite difference

In this section, we present a numerical solution. We consider the switching process «(t) where «(t) € S = {1, 2}

represents the season. In particular, a(t) = 1 stands for the flood period with reduced fishing and intensive reproduction
and «a(t) = 2 the dry season with intensive fishing and reduced reproduction. The generator of «(t) is given by

05 —-05
-05 05 )

Note that the generator’s values are chosen arbitrarily and one can choose other values without affecting the conclusion.
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Table 1

Parameters and their values.

Parameters Description Values Units
1, 2 Intrinsic growth rate 0.71, 0.68 yr!
Ky, K Carrying capacity 80.5 x 10, 0.75 x K; kg
=g =q Catchability coefficient 3.30 x 1076 SFU~! yr~!
Emax Maximum fishing effort 0.7r/q SFU

B, Initial population size 0.5K kg
Buin Minimum population size 0.4K kg

Discount factor 0.05 yr!

Do Price per unit yield 1.59 $kg~!
c1 Linear cost parameter 0.96 x 10°© $SFU~!
[ Quadratic cost parameter 0.10 x 10°© $SFU—2
0 Mean-reversion speed 0.59

Do Price of the harvest 12.65 x 107! $kg~!
P Strength of demand 0.00839 x 107! $kg~!
o Volatility of the fish stock 0.3

op Volatility of the fish price 0.3

T Time horizon 5 yr

y Risk aversion coefficient 0.3

K Utility function coefficient 0.7

For our problems we need to ensure that our discretization methods converge to the viscosity solution and determine
the optimal effort. Using the basic results of [23], this ensures that our numerical solutions convergence to the viscosity
solution. Since it is well known that the fully implicit upwind scheme is unconditionally monotone, regardless of the size
of the time step, we employ an implicit scheme and use upwind differences for the first order derivatives for stability
reasons. Second order derivatives are approximated by central spaces differences. For details see [24].

Define a variable T = T —t and a function w(z, b, p) = v(t, b, p). The HJB equations (10) and (11) can be rewritten as

b, p, E)'
[—ﬂwi(r,b,p)ﬂ”’)+z:wf<r,b,p)] =0, (19)
E€A; 1—vy
pi-v
w;i(0, b, p) = k7 ] for ie€{0,1} and ¥ > 0. (20)
-V

To approximate the solution to (19) we discretized variables t, b and p with stepsizes At, Ab and Ap respectively.
We consider 0 <t < T, Byin < b < 2K and also, 0 < p < pmax-
Discretize time t and spatial variables b and p:
T 2K — Bpin Pmax

At=—, Ab="""T"1 Ap=
Np N,

T, =nAtr, 0 <n <N, by = Biin +kAb, 0 <k <Np,  pi=I1Apmax, 0 << N,.

The value of w; at a grid point (zy, by, p) in the regime i is denoted by wy; (i). The derivatives of w; are approximated by
ow;  wip ()= wiy(@) 02wy wilh () + wid () = 2wl (@) 92wy w0 + wity (1) — 2wt (@)

ot At " 9p? (Ap)? " 9b? (Ab)2 '
n+1 - n+1.-
i) —wy (i
4 ()IM if  © >0
aw, Ab
@i ab ~ wn+1() wn+l (l) and
okl SV Mol e g g
Ab
wn+1 l _ wn+] i
w0
ow; Ap
; o~
ap wn+] i) — wn+1 i
gl T kTS = wiia@ ®; < 0.
Ap

p1-v
Discretizing Eq. (19) with an initial condition w;(0, b, p) = «? 1

. We get the following five-point stencil.
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n
W 1+1

n n n
’ Wy_11 l Wy 1 l Wiyt ‘

W -1
If we define the vector and constants
w = [w'f’], Wy gy ey W 45 Wy Wy ooy W e w,'\‘,b’Np] .
1+ 84 L BAT | ahiar + AT 1B — PraEibe — pil + 2T rby (1= %) — g
a; = T - __ G AT + — — ib, — — 1 — — ) — qE;by| .
i (ApY (AbY? qij Ap Po — P1qEiDx — D1 Ap |1 k K qEiDy
max | riby [ 1 i Eiby; O
CfsziAT iDk K qLiby;
b= — — AT.
2(Ab)? Ab
by
in(rb(1—=)—qEb0
__ogptar T ( ( m) o )Ar
"7 2(Ab) Ab ’
4 — _OrAT  max (6P — pigEibe—pi:0)
" 2(Apy Ap
oZAT  min (8(po — p1qEibx — p1); 0
o= 22T | ©(Po — P1gEibe — p: 0) |
2(Apy Ap
fi= _ (gEibpr — c1Ei — QE)Y Az,
1—vy
We obtain a more manageable form of the difference equation:
JInf { a4+ bl + cwitl 4+ diwp ) + e
—qijAtw,':’T](j) +fi }: Wy - (21)

Writing (21) in an appropriate matrix form,

inf J AFW T — AW T = WL
EcA; J

4.2. Howard’s algorithm and the optimal effort

The study of the convergence of Howard'’s algorithm (also known as the “policy iteration algorithm™) was already done
by previous authors. We refer the reader to [25].
We denote by w} and w{'“ the approximations at time n and n + 1.

Step 0: start with an initial value for the control E® and with an initial value for the value function wl-o. Compute
the solution w/ of AF’x — Az + F'*! —w! = 0.
Step j — j+ 1: given w}, find F*! € 4; minimizing Afw — Aﬁw}‘“ + F''. Then compute the solution w]"' of
Ftx Aw T FT —wl = 0.
Final step: if (W ™' — w]| < ¢, then set W' = w/'",

In the practical implementation of the Howard’s algorithm, our main focus is estimating effort value i.e find the
argument of the minimum at each node. For doing so, we need to replace the controls set .4 by a finite subset of controls
Ap (see [26], Appendix A). This idea is compatible with the fishing activity.
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Table 2

Sustainable effort and the sensitivity analysis.

Regime Initial population size Constant harvesting effort
1 0.5 x K; 1.5061 x 103

2 0.5 x K, 1.4424 x 10°

1 0.6 x K; (sensitivity) 1.5061 x 10°

2 0.6 x K; (sensitivity) 1.4424 x 103

1 0.7 x K; (sensitivity) 1.5061 x 10°

2 0.7 x K, (sensitivity) 1.4424 x 103

Walue function in regime 1

Value

Biomass 00 Price

Value function in regime 2

x10

Value
IS

Biomass 0 0

Price

Effort

Optimal policy in regime 1

Biomass 00 Price

Optimal policy in regime 2,

4
x10

Effort

Biomass 0 0

Price

Fig. 1. The value functions and the corresponding optimal policy. On top K; = 180.5 x 108, r; = 0.71 for regime 1, on bottom K, = 0.75 x Kj,

r, = 0.68 for regime 2, and A,.
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Finite subsets for numerical tests are specified as following: A4, = {0, Enu}: bang-bang type optimal controls set,
Ay = {Eo, E1,Es, ..., Exo}, A3 = {E}, E1.E;, ..., Ejgo), Where E; = 0.1n X Ejngx, and E), = 0.01n X Epmgy respectively. The
reader might choose his own discretization of controls set.

As shown in Fig. 1, the Howard's algorithm based on finite subsets produces the estimate 0 except in few points of
the grid where we have exactly the same value, E; or E;. Furthermore, the value function is not typically monotone with
respect to the biomass population and the fish price when the subset contains estimate 0. That motivates us to establish
the optimal sustainable policy i.e estimate a constant harvesting effort.

We repeated exactly the same simulations as previously except that we have A4 = {0.01 X Ejygx, 0.1 X Epgx, Emax}. We
found that the monotone convergence of the scheme based on the last subset generally occurs in 100 — 160 iterations
and in each point of the grid, we have the value 0.01 x E;q. So, the maximal fishing effort E,;qx is not optimal for averse
risk fishers.

Finally, we varied initial population size in all simulations and displayed the estimate of the constant harvesting effort.

From Table 2, we found that the level of optimal effort was higher when the state of nature i = 1 i.e during the floods
with the higher intrinsic growth rate, and it was lower when the state of nature i = 2 i.e in the dry season with the lower
intrinsic growth rate. Our results suggest that, the fishers should consider the climate changes in order to establish their
risk-averse decision rules.

5. Conclusion

This paper studied an finite-horizon optimal fishery problem in switching diffusion models. Using the dynamic
programming principle and stating some estimates, we proved that the value function is the solution of the associated
system of HJB equations in the viscosity sense. As an application, the optimal effort is deduced by using Howard’s
algorithm. Based on our initial choice of parameter values, the major result was that dry season and flood period have
a very strong effect on the fish reproduction and on the optimal effort. The dry season corresponds to the reduced
reproduction and the lower optimal effort than the flood period with the intensive reproduction.

These methodologies can be applied to similar comparison studies and other fishery models. Regarding further
research, one could investigate the effects of risk aversion in fishing effort, and the sensitivity of fishing policies to the
parameter values.
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Appendix A. Proof of Theorem 3.1

We establish the viscosity super- and sub-solution properties, respectively in the following two steps.

Step 1. v(t, by, pr), i = 1, 2 is a viscosity super-solution of Eq. (15).

We already know that v € c%([0, T] x R, x R..). We first note that v(T, b, p) = «? bll%; so, the boundary condition
at time t = T is clearly satisfied. Let (s, b, ps) € [0, TIxR; xR,,i € Sand ¢ € ¢""22([0, T] xRy xR, )NC([0, T]x
Ry x Ry) such that v(., .,.) — ¢(., .,.) has a local minimum at (s, bs, ps). Let N(bs, ps) to be a neighborhood of
(s, bs, ps) where vi(., ., .) — ¢(., ., .) take its minimum, we introduce a new test-function v as follows:

U f) = {d)(v . .)+ [vi(s, bs, ps) — &(s, bs, ps)l, lf] = i., (A1)

vi(., -, ), ifj#1i

This helps us to suppose without any loss of generality that this minimum is equal to 0.
Let 7, be the first jump time of a(t)(= a(t)’?), ie. T, = min{t > s : a(t) # i}. Then 7, > s, as. Let 6 € (s, 7o)
be such that the state (st‘i, Pfs’i) starts at (b, ps) and stays in N(bs, ps) for s < t < 6;. Applying the generalized
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Itd’s formula to the switching process e Pty (t, B;, P;, a(t)), taking integral from t = s to t = 6; A h, where h > 0
is a positive constant, and then taking expectation we have

Eb ps.i [ e PBMY (05 A, Baans Poans (65 A h)) ]

OsAh
= P B P i) s { [ e —pun ey + 2RO

6(Po — P1qEB; —
b + 0(po — P19EB; o

1 azw(t, B, Peya(t)) 1, 32y (t, By, Pe, a(t))
Bl —— "4 g ——
b2 2 ap?

+[riée (1 it)—qEB[]w 5o — B py 2¥ (L B P o))

+qot(t)](1//(ta B[a Ptvj) - 1/’(“7 Bt7 Ph a(t))) } dt :|a Ol(t) 7+_] (Az)

From hypothesis, for any t € [s, 65 A h]
vi(t, B, PP*) > ¢(t, B, PP*) + wi(s, bs, ps) — #(s, bs, ps) > v (t, B, PP, ). (A3)

Recalling that (st, PP$) = (bs, ps) and using Egs. (A.1) and (A.3), we have

Ebe.ps.i [eﬂesAhW(es A h, Bgoans Pogans (05 A h))] =

Os~h
s v (t, By, Py, a(t
+e 5 ui(s, bs. Ps) + Ep, po [/ o ht { _ﬁvi(t,Bt,P[)_Fw
S
B v (t. By, Py, a(t o v (t. Bp, Py, a(t
V(1 5) g ] DB ) g g 000D P )
I ab ap
+10233821ﬂ(t,3[,ﬂ, (f)) 1 Pﬁzlﬂ(f B, Pt, a(t))
2 b2 t3 ap?
+q;i(vj(t, B, P) — vi(t, By, Pt)) } ] (A4)

By Bellman’s principle

OsAh
e (s, by, ps, 1) = e Puy(s, by, ps) = sup Ep, p,.i [/ e Ui, t, By, PP, B de
N

EcA;

e PO (0 AR, Bg”;,l,Pég‘fh)}

OsAh
sup Ep, p, i |: / e PG, t, BY™, PSP Ey)dt
EcA; s

A%

+e POy (6, A b, B P ) ] : (A5)

Setting T = E(6; A h) combining (A.4) and (A.5) and multiplying both sides by 1/(z — s) > 0, we obtain

1 6sAh 3 t’B’P,O[t
sup Ep, p.i |: . f e Pt { Bui(t, Be, P) — 9Y(t. B, Pi, oft))
S

EcA; —S at
B oy (t, By, Py, ax(t _ _ oy (t, B, Py, a(t
—[riBt(l _ J) —qEBt] w(t, By, Py, a(t)) — 0(Po — p1GEB: — Py) Y (t, By, P, a(t))
K ob ap
1 5 5 0%9(t, B, Poa(t)) 1 ,0%y(t, By, Pr, a(t))
—— 0B —m—— oy —————
2 ab? 2 op?

—qilvi(t, B, Pc) — vi(t, Be, P — I(i, t, BY™, PP Ey) } dt }z 0. (A6)
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Letting 7 | s and using the dominated convergence theorem, it turns out that

0 b i
o b [_'MSSPS') + inf [ Bui(s, bs, ps) —
EcA;

Jat
bs oy (s, bs, ps, 1) - oy (s, bs, ps, 1)
b(l——)—Eb]i—e — P1qEbs — pg) 225 P U
[rl s )~ 9Ebs m (Po — P1gEbs — ps) op
—lazbz 821//‘(57 bSv pSs l) _ 10_2 821)0(57 bS7 ps» l)
20 ab? 2°F ap?
_qij[vj(sa bs, ps) — wvi(s, bs, ps)] — I(i, s, by, ps, Es) }i|2 0. (A7)

This shows that the value function vj(t, b, p;), i = 1, 2, satisfies the viscosity super-solution property (18).

Step 2. vj(t, by, pr), i = 1, 2, is a viscosity sub-solution of (15).
We argue by contradiction. Assume that there exist an iy € S, a point (s, bs, ps) € [0, T] x R% x R} and a testing
function ¢;, € c*2([0, T] x R* x R%)NC,([0, T] x R% x R* ) such that vjy(., ., .) — ¢, (., ., .) has a local maximum
at (s, bs, ps) in a bounded neighborhood N(bs, ps), viy(s, bs, ps) = ¢iy(s, bs, ps), and

) 0iy(s, bs, ps) .
min |: _'OTSS + Eérl\fio Buiy(s, bs, ps) —

b 9biy (8. bs. o i (s, bs.
I:riobs(l S) _quS]M _e(po _plqus_ps)M

K ab ap
1 5 ,0%i(s, bs,ps) 1 _,9%i(s, bs, ps)
—30 e T 30 g QU b Pe) = vi(s. b o)
b
_l(ioﬁsv bSvasES) }7 UiO(T5stpS)_Ky1_y >0, iO ;é] (Ag)

By the continuity of all functions involved in (A.8)(vj,, q){o, q)[(; gij, I, . ..), there exists a § > 0 and an open ball
Bs(bs, ps) C N(bs, ps) such that,

8¢ (t7 bt7 pt) .

—IOT +E$tf,-0 Buiy(t, be, pr) —
b, d¢iy (¢, br, pr) - 0ig(t, be, pr)
(1) | 2B 5, - P
1 3%¢iy(t, b, p) 1 5 0%y (t, b, pr)
—iazbfloaT - 50,31087 — GigjLvj(t, b, pe) — viy (¢, be, pe)l
—l(iy, t, bt, pe, Er) }> 8, o #Jj, (t,be,pt) € Bs(bs, ps) (A9)
and
b "

Uio(Ts bt’ pt) - K‘ym >4 (tv b[!pf) € Bﬁ(bs, pS)

Let s = min{t > s : (¢, B, P) & Bs(bs, ps)} be the first exit time of (¢, B;, P;) (= (t, Bi‘bs, P}P)) from By(bs, ps). Let
0 = 65 A T, where T, is the first stopping time of «(t)’Ps0. Then 6; > 0, a.s. For 0 < t < 6,, we have

9¢iy(t, Br, Pr)

ﬁvio(t7Bt7P[)_ ot

B a¢" (t,Bt,Pr) - = 3¢' (tht,Pt)

—[T,-Ob[<l - E) - quOBt],OT — 6(po — P19EB; — Pt)loT
1 2pi(t, B, P) 1 ,0%i(t, B, Py)
—EazbfloaT - EUEIOBT — Qigj[vj(t, Br, Pr) — vig(t, Be, P)]
—l(iy, t, Br, Pr,Ec) > 8, o #j, (t, B, P) € Bs(bs, ps) (A.10)
and
1-y

b
Uio(Tabt,pt)_Ky.lt s> 8 (t, be, pe) € Bs(bs, ps). (A.11)
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As previously, we can replace ¢;, by a new test-function v defined as follows:

¢i0('7 B ')! lf.] = i07

Viglor ), i j # o (A12)

V(o ni)= {

For any first exit time t € [s, T]. Applying It6’s formula to the switching process e~ Aty (t, B;, P;, «(t)), taking
integral from t = s to t = (6; A 7)— and then taking expectation yield

Ebs,ps,f[e*ﬂ“fw(es AT, Bogar, Poaes (s A r))}

Bsn)= av(t, By, Pr, au(t))
= e vy (s, bs, ps) + Eb, p,.i [/ e Pt { —BY(t, B, Pr, a(t)) + V(L. B, P, o(t))
N

ot
B ov(t, Be, Py, a(t _ _ ow(t, By, Py, c(t
+[rie(1- =) —qE,-Bt]—‘“ PO o) g5, g, — py 2V B P elt)
ab ap
1 5, ,0%Y(t, B, Poa(t)) 1 ,0%y(t, B, P, a(t))
L T L T
+qaey[vj(t, Be, Pr) — ¥ (t, By, Py, a(t))] } de :|» alt) #j (A.13)

in which we used Ebs’ps’i[e‘f"%“w(@s A T, Boars Pogne, (05 A r))] = Ebs.ps.i[e‘ﬁesml/f(& A T, Boazs Pogar, (65 A
r)—)] due to continuity. Noting that the integrand in the RHS of (A.13) is continuous in t. Using (A.10), (A.11)
and that vj,(t, By, P) < ¢, (t, By, P) in (A.13). Also noting that a(t) =i for 0 < t < 6, it follows

e P (s, b, ps)

> Ebg ps.ip [ e_ﬁgsAr(lSio(Os A T, Boonrs Pogar, (65 A T))

(6s7) dpig(t, B, P,
+/ e‘ﬂf{ﬂvio(t,BhPt)—"b’“( o)
N

at
B, 0¢i,(t, By, Pr) - 09, (t, Bt, Pr)
—r-B(l——)—EB]Oi—@ — p,qEB, — p,) Pt 20 7Y
[z t K qcLib¢ b (Po — P19EB; ) ap
—10232 82(]51‘0(1', B, Pt) _ 102 82¢i0(ts B, Pt)
2t ab2 2P ap?
_qf(lj[vj(t9Bt9P[)_ vio(thhPt)] } dt}» iO ;é.’ (A.14)

e vy, (s, bs, ps)

. —BT,,. —Bos .
- ssPs»10 s s =0Us
> Epg peip | € " ip(T, Br, Pr, (7)) 1z <oy + €750 (6, By, Py, a(65))1(z>65)

(BsAT)
+/ e {1y, . B, Py Ey) + 8)dt
S

- 1-y

_ B _
> Eppiig | € ﬁT[Ky]T_iy + 811 (c<ay) + € PP v; (65, By, Poy, a(05))1(r20,)

(6snT)
+/ e P11y, t, By, P, E¢) + 8} dt
S

(OsAT)
> Eb, ps.ig +/ e P Uiy, t. Be, Pe, E)}dt + e~ Pv; (65, By, Py, ot(65))1(z=0,)
N

1-y

b (6sAT)
N 24 ] — y ) } +8Ebg psig U e Ptdt + e‘ﬂrl{,<95}j|. (A.15)
N
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. . . (Osnt) _
Now considering the estimate of the term Ep, i, | /; e

Co such that,

(OsAT)
Eherei [/ e Pt + eﬁr1{r<9s}] > Co(1 — Ep, peip[677™]).
N

For details see [27]. It follows that

Btdt + e’ﬂfl{Kgs)}, there exists a positive constant

vi0(57 bsv pS)

(OAT)
> sup  Ep pi |: +/ efﬂt{l(io, t, B, P, Et)}df
tels, T, Ec A s

1-y
B
+eP7v,,(0, By, Py, a(0)1(r0) + € 7 [k? ] L T ]

+Co8(1 = Epg peio[e77™]) (A.16)

which is a contradiction to the DP principle since Ej p, i, [e‘f”"] < 1. Therefore the value function v;(t, by, p¢),
i=1, 2, is a viscosity sub-solution of the system (2.8).

This completes the proof of Theorem 3.1.
Appendix B. Proof of Theorem 3.2

For g, €, 8, A > 0, we define the auxiliary functions ¢ : (0, T] x R x R2 — Rand Z: [0; T] x R x R% x S by

Q

¢(tv (ba P), (b/, p/)) = ?

1 / / — / /
+ 5|, p) = (b, ) + 6 T(b. )P + (1. P)P)
and

&(t, (b, p), (b', p'), i) = vi(t, b, p) — wi(t, b, p') — (¢, (b, p), (I, p')).
By using the linear growth of v; and u;, we have for eachi e S

i E(ts(ba p)’ (b,v p,)v l): —0Q.
[(b.p)I+I(b'.p")|—>00

Then, since v; and u; are uniformly continuous with respect to (t, b, p) on each compact subset of [0, T] x R, x R, x S and
that S is a finite set, & attains its global maximum at some finite point belonging to a compact K C [0, T] xRi xRi XS say,

(tse, (b1ses P1se)s (base, Pase)s @se). Observing that 2 (tse, (bises P1se)s (base, Pase)s @se) = & (tses (D1se, Prse)s (bases Pase ) se )
+ E(t(;e, (b1se, P1se)s (base, D2se ), Otae) and using the uniform continuity of v; and u; on K we have

1
E|(b156a Pise) — (base, Pase)I?

< vi (tse. (D1se, P1se)) — vi(Tse. (base, Pase)) + Ui (tse (D1se, P1se)) — Ui (Ese, (Dase, Pase )
< 2C|(b1se, P1se) — (b2se, Pase)l-

Thus,
[(b1se, P1se) — (base, Pase)l < 2Ce (B.1)

where C is a positive constant independent of o, €, §, A. From the inequality,

28 (T,(0,0),(0,0), ase) < 25 (tse, (b1se, P1se) (base, Pase)s ctse)

and the linear growth for v; and u;, we have:

A

8 (I(b1se. P1se)) [+ (base, pase|?) < e HT~tae) [ Vi (tse, b1ses P1se) — vi (T, 0, 0)
+ui(T, 0, 0) — u; (tse, base, Pase) ]
e MT78)C, (14 |(b1se, P1se)l + 1(base, Pase)) - (B.2)

IA

It follows that

s(l(bléevp]ée))|2+|(b26Esp265|2) <C
(14 [(b1se. Prsc)+I(baser Pasc)l) — -
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Consequently, there exists Cs > 0 such that,
[(b15es P1se)l + |(b2se, Pase)l < Cs. (B.3)

This inequality implies that for any fixed § € (0, 1), the sets {(bise, P1s¢), € > 0} and {(base, p2se), € > 0} are bounded
by Cs independent of €. It follows from inequalities (B.2) and (B.3) that, possibly if necessary along a subsequence,
named again (t(;e, (b1se, P1se)s (base, D2se ), aae) that there exists (b5, P1s0) € Ri, tsco € (0, T] and a9 € S such that:

lime yo(b1se, P1se) = (b1s0, P1so) = limeyo(b1se, P1se), lime o tse = ts0, lime o ase = aso.
If tsc = T then writing that Z (t, (b, p), (b, p), @se) < & (T. (b1se. P1se): (base. Pase ), @se ), We have
o _
u(t, b, p) = wi(t, b, p) = = — 28¢T(|(b, p)I*)
< u(T. (bise, Prsc)) = w(T. (base, Pasc)) = &

1
_ZKblﬁe Pise) — (base, Pase)I> — 8(I(buse, Pise )l + 1(base, Pase)?)

< ui(T, (b1se, p1se)) — vilT, (b2se, Pase))

= [ui(T, (b1sc, P1se)) — vi(T, (b1se, P1se))]
+[vi(T, (b1se, P1se)) — vilT, (base, Pase))]
< Cil(b1se, P1se) — (Dase, Pase)l

1-y

where the last inequality follows from the uniform continuity of v; and by assumption that u;(T, (b1se, P1se)) = k7 % =

Vi(T, (b1se, P1se))- Sending o, €, § | 0 and using estimate (B.1), we have: u;(t, b, p) < vi(t, b, p). Assume now that t;c < T.
Applying Lemma 3.2 with u;, v; and ¢(t, (b, p), (b, p')) at the point (tsc, (bise, P1se), (base, Pase), @se) € (0, T) x R x
Ri x S, for any ¢ € (0, 1) there are d € R, My, Ns. € S? such that:

1
( d— t% — 18eMT=5)([(bse, pse)? + 1B, Py I, ~((bsc, psc) = (b, )
Se

+28€A(T7r66)(b851 Dse ), M&e + ZSeA(Titse)I )E 752‘+u(t,;€, bBea Dse» l)

1 / / — / / - =2, — ’ / .
(d, g((bae,pae)—(bgg,pgg))—zae” e)(b}, , pj. ), Nse — 28e™T ‘541) € P>~ u(tse, by, P, 1)

1/1 0
ACH,

and

Mse O
< 0 _Nss> < Dy vy ®(tses (Dae. Pie). (B, Ps))

2
¢ (D2, gy 011 Bltscs (Bscs Psc). (B P )))

2 + 48ee 1D —
< €+ ¢(2 + 4dee )(_11 11> F (26 + 42 8% T-0)HT-0) (é 0).

= €2 I

Letting 6 | 0 and taking ¢ = % we obtain

_1 I 0 < M(Se 0 <E I —I
€ 0o I1)— 0 —N,jg € —1 I :

It follows that

b ;o b;
(béea Dse )Mée (pi) - (b(Sg? Dse )Nﬁe <pii)

;o M 0
= ((bse. Pse): by, P}e)) ( 0 _N&)
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(b86>

2 J—

=< ((bse, Pse), (D Ps.)) [E <_II Il>i| b
2

(bé€>

Pse
2 / /

=< EKbSe’ pﬁe) - (bags P5€)| .

Furthermore, the definition of the viscosity subsolution u; and supersolution v; implies that

(13

min {ﬁum(r&, bie. pse) = (d = 3 = 108" T X [(bse. psc)” + (5. P51

. b 1
+ inf { —[r,-ob&(1 - %) _ quaf](g(bge — b))+ 26e’\(T‘”b36)

EE.A{O

N | =

(obse; op)(Mse + ZSeA(Tft)I) (J(l:ag>
p

_ _ 1 _
—0(po — p19Ebse — Ps)(g(lﬂae — s )+ 28eMT r)p&) _

—Gigj[uj(Ese, bse, Pse) — Uig(tse, bse, Pse)l
by”
_l(ioa Lses b5€7 Dse Etge) }s uio(Ta b567 p(SE) - Kyla_;y =< Oa iO #J

and

. . b&e 1 / —; /
min {ﬁvm(t&, bse, psc) —d+ inf { —[robse (1= =2°) = aBbie | (= (bse — ) +20¢" 70}, )

E.Aio
0050 — B1aEbs. — ) L(ps. — 1/ -0y Y _ Yooy _ 256 T-0 (e
6(Po — P19Ebse — ps) 6(1955 ps.) + 28e Dse 2(6 s¢> 0p)(Nse — 25e I) oy
—Gigilvi(tse, b, Ps.) — Vig(tses Dy D)

o b, ” o
—I(iy, tse, by, Dse» Ees. ) } vio(T,bae,Pse)—KV]S_eyj|Z 0, ip #J.

Let us define operators A%(x, v, ¢, X, Z) and BE(x, v).
b 1
AE(t, b, p, w, X, YZ) = [r,-ob<l _ E) _ qu]x +6(Po — B1gEb — po)Y + 5 wZu’
B*(t, b, p. v) = gigi[vj(t, b, p) — vj(t, b, p)].

By subtracting these last two inequalities and remarking that min(x; y)—min(z; t) < 0 implies either x—z < Oory—t <0,
we divide our consideration into two cases:

Case 1
B[ tig(tse. bse. Pse) — ig(ses bse. Pse)] + t% + 28eMT=6(|(bse, pse)I + (B, P37
Se
< sup {l(i07 Lses b(?e, Dse Et&) - l(io, Lse, b:;@ P:;e, Etge)}

EEAiO

1
+ sup { AF ( tses bse, Dse, (0 bse; op), E(bée — bj,.) + 28eMT b,
EGAiO

1
~(Dse — D) + 28T~ My, + 28€*T )] )
€
’ 1 _ 1 3
- ( toes Dies Pies (0bjes 0p), —(bse — b3) +28¢"Tbj, ~(psc — P} + 2877 )py,

Ny, — 28MT—tse)] )}

+ SL;\P { BF(tse, bse, Psett) — B (tse, by, Dhev) }E Ty + I + Is. (B.4)
Ee ig
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In view of condition (13) on [ and from estimate 3.1, we have the classical estimates of Z; and Z;:
Z] SCKb(vap(Sf) - ( :Se’ p:se)l
1
Ty <C(=I(bse, Poe) — (B, PN+ 28€"T 791 + [(bse, pse)I> + |(bj. P I)-
€
Using the Lipschitz condition for u and v, we have
T3 < 2C|(bse, Pse) — (b, Pl
Writing that Z(t, (b, p), (b, p), i) < &(tse, (bse, Pse)> (bse, Dse ), 1) for i € S and using the inequality (B.4),
(e, b.p) = vi(t. b.p) = T — 2667 0|(b. p)* =

Viltses bse. Pae) — Uiltser bse. Pae) — ti — 26T D|(by, . pse)|? <

S€

1 0 A - 2
—Z+I+I]————8emfﬁf) bse. pse)l* + |(b}, . b}
ﬁ[ e T (I(bse, Pse)l” + 1(bse, Ps)I7)
this implies

u(t. b.p) = vt b.p) = % — 2687 0\(b. p)P =
l[I + L+ T ] 2 5T 0 (b ps)? + (8. ).
ﬂ 1 2 3 [3 b€y Pde e’ Pée
Sending € | 0, with the above estimates of (Z;) — (Z;) — (Z3), we obtain:
(e, b.p) = e, b,p) = £ = 206T01(b,p)? < 22T 1+ 21(bn, po)®) — . bl

Choose A sufficiently large positive (A > 2C) and send ¢, § — 0" to conclude that u;(t, b, p) < vi(t, b, p).

Case 2 The second case occurs if

Uiy (T, bse, Pse) — ig(T, bse, pse) < 0
and finally that u;(t, b, p) < vi(t, b, p).

This completes the proof.

Appendix C. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.rinam.2020.100125.
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