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1. Introduction

Due to its ability to account for shear effects, the Reissner-Mindlin plate model [1-3] is often preferred in the engi-
neering literature (see [4]) over the Kirchhoff-Love plate model. So, as done for the Kirchhoff-Love plate model [5,6], it
is challenging to proceed with a rigorous mathematical derivation of the Reissner-Mindlin plate model by studying the
asymptotic behavior of a thin 3-dimensional elastic body when its thickness goes to zero. This was done in [7-9] by using
a second gradient or Cosserat continuum for the body jointly with constitutive symmetry assumptions; here - being aware
of the results of [10] on the bonding of thin plates - we prefer to consider a strongly heterogeneous classical linearly elastic
body made of a periodic distribution of thin anisotropic plates abutted together.

Let {eq, ez, e3} be an orthonormal basis of R3 assimilated to the Euclidean physical space. For all £ = (&1, &7, &3) in R3,
é stands for (£1,&). The space of all (N x N) symmetric matrices is denoted by SN and equipped with the usual inner
product and norm denoted by - and |- |, as in R3. For all e in S3, we set

e=é+et (1)

where (8)gp =eqp and (e1)gp =0, 1<, <2,and )3 =0, (et)izs=ej3, 1 <i<3.Forall g, b in R? a®;b stands for the
symmetrized tensor product of a by b. Moreover, for all subset O of RN, x¢ is the characteristic function of O. Finally, we
will use the symbol b, to denote n-dimensional Hausdorff measure and the letter C to introduce various constants which
may vary from line to line.

Let @ be a domain of R? with a Lipschitz continuous boundary dw and 219, &9 two positive real numbers lesser than 1.
Let Y := (0, 1)?, Y= (=n,1+ 72, Y};“ =, 1= l,:={ieZ?; (i + YY) C w} for all 1 in (0,70) and
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int .__ : int ext ext
oM = Jel+Y™), o i=w\| i+ YT
ielg i€le

int ext

Wn.e =0y VW), byei=w\wy;

Let h be a small positive number, we will consider a structure occupying QM := w x (=h, h) made of an eY-periodic
distribution of thin linearly elastic plates inhabiting Qh ‘“t = a)‘,]“; x (—h, h) abutted together through a thin and narrow

soft linearly elastic adhesive layer filling B,’,‘E i=bye x ( h,h) and surrounded by a thin linearly hollow plate occupying
Qext:= W&t x (—h,h). We set Qf . := QN y Qe and assume that all the constituents of the structure are perfectly
bonded together

For brevity and simplicity, we assume that the structure is subjected to body and surface forces on its upper/lower
boundary I := w x {£h} of densities f", g/, respectively, and, as in [7,8], is clamped on its lateral boundary Tl :=
dw x (—h, h). The strain energy WW; of the body reads as:
Wee)ae.xeQl .

Ws(x, e) := . n 0
UAWa(e) + i Wi(e—)ae.xe B,N3

for all e in S3, W, W,, W, being positive definite quadratic functions on S3.
Hence the equilibrium of the structure involves a quintuplet of data s := (s, &), 8" := (n, i1, N, h) and reads as:

(P%) Min{ /Ws(x,e(v))dx—/fh(x)-v(x)dx— / 2" x) - v dby: veH;?At(Qh;]}@)]

h h
rhurk

where e(v) is the strain tensor associated with the displacement v and, in the sequel, for all domain @ in RN and all
smooth part y of its boundary 90, H}, (O; RN) denotes the subspace of H'(®; RV) made of the elements with vanishing

trace on y. Clearly, if (f", g") belongs to L2(Q" x (l"}r UT™); R3), (P*) has a unique solution u® and, considering the data
s as a parameter, we are interested in its asymptotic behavior when s takes values in a countable subset of (0, +00)? x
(0, no) x (0, +00) x (0, &9) with 0 as a unique limit point. Like in the mathematical derivation of the Kirchhoff-Love theory
of plates [5,6], it is convenient to introduce the linear mappings I1" and Sj:

t=E &) R > 1" = (¢, h&y)
1,6h. o3 1 3 1 h h
vel (QYR)— Spv el (2 R?) st (Spv)(x) = HH v(II"x)), Vxe Q:=w x (—1,1)
We make the following assumption on the loading:
af, floe) e PR x LB RY) x L®°TTUTr—; R stt.

(H) o 4 M =h(xgy, T F00 + g T/ (9), Ve @
gh(hx) =h2M" xr, ., ur,. 8(X), VX € Ty e Uy e -

where Ty ¢ + 1= wy,¢ x {£1}. Therefore, us:= Spu® is the unique solution to
(P Min {Z(v);v e HE (@R
where

Ts(v) == /Ws(x,e(h, V) = (X9 [+ X8y f) - vdx— / g-vdh

Fye+Ulpe -

1
e(h, V)gp :=e(V)ag, e(h,V)e3:= Ee(v)oa, 1<a,B<2, e(h v)3:= E(V)33

h2

with Iy the reciprocal image by TT" of Il and, similarly, index h will be dropped for the image by I""' of of .,
and T
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2. A convergence result
Let the space of Kirchhoff-Love and Reissner-Mindlin displacements be respectively denoted by
Vi (Q) = [v e HL_(Q:R%):; 3, vF) e H'(0; R?) x H2(w) st 0(x) = VM R) — 3 VVF R,
va(x) =vFi(&)aexe Q}
={venl, @R stesw)=0,1=i=3]
VM (Q) := [v e Hi (2 R?); 3™ v vF) e H'(0: R?) x H' (@; R?) x H' (w) s.t. V(%) = vM (&) + x3v? (%),
va(x)=vFi(&)aexe Q}
={veHl, (@R sten)=0, Beaz(v) =0, 1= <2}
We recall [11,12] that the space of bounded deformations is defined by
BD(Q2) := iv S Ll(Q; R3); e(v) € Mp(L2; 83)}

where Mj,(€2; S?) denotes the space of bounded S*-valued measures in 2.
We assume

_ . . 1 1
(Hy) : 3(fin, 1) € (0, +00)% s.t. (fin, 1) = lim E@A’ h_zlﬂ)

In the sequel, when no ambiguity ensues, we use the same symbol é for an element of S?, such that its entries are the
non-vanishing ones of the element é of S3. For instance, for all (q,e) in S x S3, ¢ =& means that qup =eqp for all o, B in
- fit the two positive definite quadratic functions on S? defined by:
W(q) = Min {W(e); ecS’sté= q}
Wa(@ =Min {Wice(@") + 2 WA@) + RA@); ¢ €52 12123, (@2 = @1 =0.q' +¢* +¢* =g}

Then we have the following theorem.

Theorem 2.1. Under assumptions (H1) and (H>), as s’ goes to 0 and then & goes to 0, us converges weak  in BD(Q2) toward the
unique solution u to

P) Min{/W*(@)dX-i‘ﬁJ_fWJ_(e(V)J')dX—/f’VdX— / g-vdh: v e Viu(@)]
Q Q Q

I Ur—
The proof, which uses a standard method of variational convergence, is achieved in three steps.

Step 1 (asymptotic behavior of us as s’ goes to zero):

Let o, := U,-eLg e(i+0Y), T :=0p x (=1, 1), Q¢ := Q\ ¢, v the unit normal to =, (or o) equal to either e; or e, and
2’; the part of X¢ such that v =e¢y, k=1, 2. For all w in H'($:; R3), we denote by [w] the jump of w across the surface
3¢ oriented by v.

Proposition 2.1. When s’ goes to 0, us (up to a not relabeled subsequence) converges weak « in BD(S2) toward some u, such that
- e 1 5 T3 5 1 _
Up € Vir(Q) i= {v € HL (9 RY) st éo(v)' = 0}

where é, denotes the density with respect to the Lebesgue measure of the symmetrized gradient in the sense of distribution in 2, and
with:
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Tottg) = / Wit @ () dx-+ 22 / Wa((iz] @ v) d + 2 [ Wi ([uelses s v) db

o 5 5

—/f-uedx— / g ugdhy < lim Js(us)
s’—=0

Q

ryur_

Proof. First, ellipticity assumptions on W, W,, W, , Hoélder inequality and (H1 — Hy) imply that us is bounded in LD(2) =
{u e LY(Q; R3); e(u) € L1(K2; S?)}. Thus, up to a not relabeled subsequence, us weak » converges in BD(2) toward some ug,

. 3 .
and consequently weakly in L3/2(€2; R3) and strongly in LP(€2;R3) for all p < 3 (see [11,12]). Moreover, as there exists
3(e) such that us is bounded in HJ, (Q5;R?), Q5 1= ws x (—1,1), ws := {X € w; dist (X, dw) < 8}, the trace on Tt of
ug vanishes. As xq,.e(us) is bounded in L2(2: S?), it converges, up to a not relabeled subsequence, to some g, which,

by testing by any element of D(2;S?), is clearly identified as ég(ug) with é.(ug)L = 0. Hence, ug belongs to Vi (S2)
(={veH] (Q2:R%:;é:(v)\=0}.As forall 7 in D(Q; S*)

/ T ~e(u5)dx:—/ (divt -Us+T-XQ,749€(Us)) dx (2)
By Q

we deduce:
e(ug) =ég(ug)dx + [us] ®s vha L Ze (3)

Next let 9,Y := {fc €dY st.xgorxpe(m,1— n)} and Xy ¢ == Uie,s &(i+ 0,Y). Jensen inequality implies

ne

fim . / Wi (e(e. 1)) dx > lim 22 / WA(/eTzI)(va)dt)dhzz%/wA(wT]@s v) dby
B Xe

s'—0 s'—0
n,€ Zn.e —ne

ne _
lim py [ Wi(e(e, us)™)dx > lim Mz / WL( / e(us)l(XthV)dt) dhz = E/V\a([ug]aez ®s v)dh
s'=0 s—02neh € 5

n,e Zne —ne

ne
because, by arguing similarly to (2), we get that XTpe / e(us)(- + tv) dt weakly converges in L%(Z,; S?) toward [ug] ®; v.

e
Moreover, arguing as in [13] through the introduction of cut-off functions and translations by +neey, k = 1,2, and by

+ne(e; ey) yields limo / g-ugdhy = / g - ug dhy. Hence, the desired result stems from the very definition of Wy, the
s'—

e+ Iy

weak convergence in L%(Q2, S?) of XQM@ toward ég/(\us) and the weak x convergence in BD(R2) of us. O

Step 2 (asymptotic behavior of u; as & goes to zero):

Let Yi :=g(i+Y), =kl :=(xe Skix = (i + 1), x3_y € &(is_k. i3 + 1)} for all i in I, and =¥ := ;. %1 Then, for
1 1 o
all y¥ in L2(ZX) such that — /(1//1,‘)2 dby < C, the function W& := L¥yk defined by L£§ () (0 = = Y ¥ (X3, X3) xyi (R) s
Szk € ielg i
€
bounded in L?($2). Note that, as h (=K \ 3:¥) remains bounded, we have lin}) Tykdy, = lirr%)/ Wk dx for all 7 in CO(Q).
E— E—
=k Q
Proposition 2.2. When & goes to zero, ug, up to a not relabeled subsequence, converges for the intermediate topology of BD(S2)
(see [11,12]) toward some u such that

U e V(). .7(11)2=/W*(€/(\u))dx+/h/W(e(u)l)dx—/f‘de— / g-udby < lim 7, (ue)
Q Q Q

e—0
ryur—
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Proof. As J.(uc) is bounded, u, is bounded in BD(S2) and then, up to a subsequence, weak  converges toward some u.
Moreover as u; € Vi1 (Q2), @M, uf) converges weakly in L?(w; R?) x L?(w) and the measure e(u;) has a narrow limit
which can be identified with an element of L%(Q2; S?) such that e(u)33 =0 and dze(u)L =0. O

Step 3 (identification of the limit field u):

o 1 o .
For all (V,€) in (YL, Y] +eey) x (RN, SN} and ¢ in L2(), &), we set < ¢ >y= = f ¥ (%)dR and let X' = (3, 1) +1i.
y

Proposition 2.3. For all v in Vg (S2), there exists a sequence v in H }m(Q; R3) such that, when & goes to zero, v, converges for the
intermediate topology of BD(S2) toward v with Tr%jg(vg) < J(v), and there exists a sequence Vv in H}t t(Q; R3) such that, when
£— a

s’ goes to zero, vg := vy . converges weak  in BD(S2) toward v with limojs(vs) < Je(vg).
s'—

Proof. Through a classical density and diagonalization argument, we may assume that vM, v?, vF belong to D(w; R?) and

We(eW)) = Wir(e(V) — (@' +¢?)) + AWA(@!) + iAW (9?)

with g:=e(v) — (¢! + ¢?) =" (®) +x3¢°}) and ¢, ¢’ in D(w; $?).
Let v, the element of Vi (2;) defined by:

Ve (0) :=vM®R) +x3v0®)

vMR) = Z ( <vM >yi + < e >yi (x —>€i)) Xyg()?)

ielg
VR =Y (<v oy <d” >y R=3)) 4y ®
ielg
o F_ L NP S N S e
(v8)3(x)._2|:<v >yi —(<v >yi +§ <q >yi (X—x))-(X—X)]Xyé(X)
ielg

The required smoothness of vM, v?, vF
—_—

measure e(Vvg) satisfies

, g™ and q” implies that v, converges strongly in L%($2; R?) toward v and that the

e@:z<q>yé Xyédx+(pg+§0g

ielg
o 771 reghy LEE— Y iy L3k
ielg
with
. . . e
el =AF B0 — ), 1sk=2
; (1 + Ske) e
(A’;")koz = T‘“[ < (vg)a >yitee, ~ < (vg)a >yi —( <Gka >yi T <Gka >yi e, )5], a=1,2
(AF)3 k34 =0
i (1 + 8ka)
(B e = Tm[ <Gka >yitge, — < ke >yi ]

—

where 844 stands for the Kronecker delta. Clearly the smoothness of q and v implies that the measure e(v¢) converges
narrowly to (g 4+ ¢1 + ¢2) dx because Z <q>yi Xyi converges strongly in L2(2:; S?) toward g and the functions gb’g‘ =

ielg
E’;((p"s‘) converges strongly in L2(2; S?). As e(ve)t = Z(pj‘k’iﬁ ®sexhy L z{;", with
ielg
Lki_ _ F_ F_ ¢ 0 0 Lki
Pe =<V Zyitee, T < v >yl +§< <V >yi + <y ZYiteey ) +v;
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where |wj"'i|Loo(2;;,.~> <Ce? for all i in I, and all k in {1,2}, g5 “' = £k (") converges strongly in [2(R) toward dvF +

vz = 2e(Vv)k3. Hence one deduces that v, converges toward v for the intermediate topology of BD(£2) and that lirr%) Te(Ve) =
£—

J ).

The last stage, s’ — 0, is a similar situation of bonding of thin plates as in [10] and is achieved by using a distribution and
composition of smoothing operators along X like in [14,13] acting on a classical suitable approximation of Kirchhoff-Love
fields as in [5,6].

Hence, u is the unique solution to (P) so that the whole sequences us and u, converge. O

This mathematical result can be rephrased in terms related to the genuine physical problem (P*) (Theorem 2.2).

Theorem 2.2. If i1 := Sh‘l u, the field of displacement u’ is asymptotically equivalent to u* solution to

) Min|/W*(e?\?))mlm(e(v)i)dx—/f“~vdx— / g" vdhy; ve V(@)
Qh Qh

rhurh
Vem (@M = {v c H}?t(sz”; R3) s.t. e33(v) =0, d3e43(v) =0, 1 <a < 2}
in the sense that

1 — 3
lim (— us—as,us—aS)de=o,v >
lim ¢ ),z —u3 )| P=3

Qh

The limit problem (fs) describes the equilibrium of a thin linearly elastic plate clamped along its lateral boundary and
subjected to body forces f" and surface forces g" on its upper and lower boundaries with an imposed Reissner-Mindlin
kinematics. This problem is basically a two-dimensional one set on the middle surface w; it accounts for shear effects and
is easy to solve numerically by a meshing of the sole w.

3. Concluding remarks

Obviously, the large discrepancy between the magnitudes of the stiffness coefficients (i and p, of the adhesive generates
the Reissner-Mindlin limit kinematics of the structure. Also such a result can be obtained by more general distributions of
adhesives and heterogeneous adherents. As problem () has a unique solution with (f, g) in L(€ x {I'y UT'_}; R3), one can
insert in s an additional parameter of approximation for the loading. It is worthwhile to note that our study also supplies a
model for thin elastic masonries (see [15]).

Eventually, in another context, the stage & goes to zero shows that a two-dimensional rotational flow can be the limit of
a distribution of irrotational flows in Y} with suitable sliding conditions on the cells boundaries.
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